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ABSTRACT

In this paper, we introduce and study the concept of Co-fuzzy sub ordered finite I" - near rings and L-fuzzy sub ordered finite
I"- near rings with maximum and infimum conditions, where L stands for a complete lattice satisfying the infinite meet
distributive law. We discuss the concept of intersection and union of co-fuzzy sub ordered finite I" - near rings. We also prove
theorems on homomorphism of finite I" - near rings.

Keywords— Fuzzy set, L — Fuzzy set, co-fuzzy sub ordered finite I" - near ring, homomorphism of finite I" - near rings.
1. INTRODUCTION

We know the importance of fuzzy sets. It is being used in different areas like physics, Electronics, Robotics, Computer
Languages, Military control, Artificial intelligence, Law, Psychology, Economics and Medical sciences.

The notion of fuzzy set was introduced by Zadeh L.A [12] in 1965 as function from a nonempty set X into[O,l] .Goguen|[5]

further generalized Zadeh definition of a fuzzy subset of X as a mapping of X into a Lattice L. Further more so many authors
introduced the fuzzy set concept in algebraic structures, like groups, semi groups, rings and I" — near rings etc. The concept of a
Gamma — ring, a generalization of a ring was introduced by Nobusawa[4] and was generalized by Barnes. The concept of near
ring was introduced by Pilz.G[6]. The common generalization of concepts of Near ring and I"— near ring, namely I"— near ring
was introduced by Satyanarayana. Bh[9][10] and the ideal theory of I"'— near rings was studied by Satyanarayana.Bh and
Booth.G.L[2]. Fuzzy ideals in rings were introduced by Liu.W and they have been studied by several authors.

In this paper, we define Co-Fuzzy sub ordered finite I —near ring. We prove the intersection and union of two Co-Fuzzy sub
ordered finite I"—near rings theorems. We also prove the homomorphic image and pre-image of Co-Fuzzy sub ordered finite
I" —near ring is again a Co-Fuzzy sub ordered finite I" — near rings. We also prove some necessary and sufficient conditions for a
Fuzzy set to be Co-Fuzzy sub ordered finite I" — near ring. Throughout this chapter 4~ stands for finite I" — near ring.

2. PRELIMINARIES

In this section we recall some of the fundamental definitions, which are necessary for this paper.
Definition 2.1: A triplet ( 47, +,-) is said to be a near ring if

1. (./V , +) is a group (Not necessarily abelian group)

2. () isasemi-group

3.(a+b)-c=ac+b-cVab,c€ A (Rightdistribution law).

Definition 2.2: A near ring (A4, +,") is said to be finite near ring if _#* has finite Number of elements.
Definition 2.3: Let 4" be a non-empty finite set. If

1. (7, +) is a group. (Not necessarily abelian group)

2. I"is the set of binary operations such that (./V ,+, a ) is a near ring.

Where eI
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3.aa(bBc) = (aab)Bc,Va,b,ce A and o,Bel.
Then (47, +, T') is afinite [ - near ring.
Example 2.4: Let G be any finite non-abelian group and X(:t ¢) be any finite set.

Let N :{f/f:X—>Gisa function}

Then (A, +) is a group with respect to point wise addition of functions, but ( 4~ +)
is not commutative. Let us choose a,b G suchthat a+b=b+a.

Define f,: X — G and
f, : X = G such that

f.(x)=a & f,(x)=bVxeX.
Then (fa+fb)(x)=fa(x)+fb(x)

But

From the equations (2.4.1) and (2.4.2),
(for £)(x) = (fy + £)()
fat fy # o+ 1
Thus (4, +) is a not commutative group.
Now take T'={g/g:G— X is a function}
Then by definingl": 4" x 4 — A by flgf2 as composition of mappings. Then

(4, +,T)isafinite I - near ring.
Clearly,

(£i+£)96)(x)=(fi+ £)(a(£(x)))

= fi(9(£(x))+ £.(9(£(x)))
=(£,9£,)(x)+(£.9,)(x)
=(f.9f, + f,9f,)(x)
VvxeX,f,f,fye A and gel’
ie., (f,+1,)9f, = f,9f, + [,9f,

i.e., the right distribution law hold in 4~ .
But left distribution law is not satisfied in 4" .

Let us take z, (;t O)EG
Define f, : X — G such that fl(x)zzo,‘v’xeX and g:G — X such thatg(x)zu,VXEG
Where ue X

But

(faf, + £19f)(x)=(fi9f, ) (x)+ (fugfs) (%)
= fi(9(£.(x)))+ £ (a(£(x)))

= fi(u)+ fi(u)=z,+2y———————————— (2.4.4)
From equations (2.4.3) and (2.4.4),

(£i9(f+ £))(x) % (fi9f + i) (%)
Clearly
f,9, (f2g2f3) = (flglf2 )g2f3 holds in 4~ with respect to composition of functions

Hence (A7, +, ') isafinite ' — near ring.
Definition 2.5 :Let (_#”,+, I ) isa finite T’ —near ring. Then a subset S of _#* is said to be sub T" —
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near ring of (A, +, '), if

1. x+yeS

2. xayeS,Vx,yeS and a el

Definition 2.6: A non-empty set P is said to be POSET (partial ordering set), if there exists a
relation < on P such that
1. a<a
2.a<bandb<a=a=>b

3.asbb<c=a<c Va,b,ceP

Definition 2.7 : Finite I" - near ring _#” is said to be finite ordered I" - nearring , if (47, <) isa
POSET.

Definition 2.8: A POSET L is said to be a lattice if every two elements a,b € L have suprimum and
infimum. Generally, we denote

sup{a,b} =avbhb
Inf{a,b} =anb

Where Vv, A are respectively called join and meet.
Definition 2.9: If every non empty sub set of lattice L has suprimum and inifimum then L is called
complete lattice.

Definition 2.10: If X be a non-empty setand f: X — [0,1} is a mapping then the pair (X,f) is
called fuzzy setand f is called fuzzy sub set of X.If [0,1] = L where L stands for
lattice then f is called L - fuzzy sub set of X. It is denoted by fL.
Definition 2.11: Let X be a non empty set and L is a lattice. If f, : X — L is a mapping then fL is
Called L-fuzzy sub set of X.
Definition 2.12: Let f, be a L - fuzzy sub set of X. The set{x eX/f(x)< s} Where s €L is called level
sub set of f, . Itis denoted by f, .
This f, iscalleds - cutof f,

i :{xeX/f(x)<s}
Definition 2.13: Let f, and g, be two L-fuzzy sub sets of X. If fL(X)SgL (X) VxeX then f, is
said to be contained in g, . Itis denoted by f, = g, .

3. CO-FUZZY SUB ORDERED FINITE I'- NEAR RING

In this section we define the intersection and union of co-fuzzy sub sets of non-empty set X . We prove the intersection of two co-
fuzzy sub ordered finite I" - near rings is also co-fuzzy sub ordered finite I" - near ring. But the union of two co-fuzzy sub ordered
finite I" - near rings need not be co-fuzzy sub ordered finite I" - near ring and also, we give suitable illustrations.

Definition 3.1: Let fand g be two fuzzy sub sets of X . Then their intersection and union are denoted by
fngand fU g respectively and defined as follows
(f "g)(x)=min{ £ (x).g(x)]
and
(f wg)(x)=max{f(x).g(x)}
Definition 3.2: For any sub set A of aset X , the co-fuzzy characteristic set  , is defined as
follows

5 _ {0 if xeA
Y1 ifxeA
Definition 3.3: Let M, and M, be two non-empty sets and pn:M, > M, is a mapping. If f is a
fuzzy sub set of M, then g be a fuzzy sub set of M, defined by
Inf f(z)if w'(y)#¢
g(y)=4='
0 if ' (y)=9¢
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Where p*(y) = {x eM, /n(x)= y}
If g is fuzzy sub set of M, then f be a fuzzy sub set of M, defined by
f(x) :g(u(x)), VxeM,
Definition 3.4: Let f be a fuzzy sub set of finite ordered T - near ring (#”,+, " ). Then f is said to be
co-fuzzy sub ordered finite I" - near ring of (A7, +, "), if
1. f(x+y) < max{f(x),f(y)}
2. f(xocy) < max{f(x),f(y)}
3.x<y=f(x)<f(y).vx,ye #and ael
Definition 3.5: Let f, be a L-fuzzy sub set of a finite ordered I" - near ring ( 47,4+, T" ). Then f is
Said be a co-fuzzy sub ordered finite I" - near ring of (A4, +, "), If
1.fL(x+y)£fL(x)va(y)
2.fL(xocy)£fL (x)va (y)
3.x<y=f(x)<f(y) ,Vx,ye # andoel.

Example 3.6: Let S={1,2,3,4} and _#"=P(S) is the power set of S .Then _#" is a group with respect

to symmetric difference of two sets.
Where the symmetric difference of two sets A and B is defined as

AAB=(AUB)-(ANB)
Letustake L=T={{1},{2},{1,2},{1,2,3}}

Define the mapping #° xI'x #° — A", by AoB is the intersection of the sets A,o,,B. Where A,Be A4 andael.
Itis clear that 1. (47, A, ") is finite [ _near ring.
2.(A, <)isaposetand (L,c) is lattice.

Then (JV A, I‘) is finite ordered I' — near ring.
Now define f, :N — L such that

1,23} if A%
AUS

¢ if A=¢
Letustake A,Be 4 and a.el’
Case (i):Let A+ ,B+,AAB # ¢, and AoB # ¢

f,(A)={1,2,3} and f,(B)={1,2,3}
and f,(AAB)={1,2,3}
f,(AaB)={1,2,3} and f,(A)v f,(B)={1,2,3}.
Case (ii): Let A#¢,B = ¢ then AAB = A, and AoB = ¢
f,(A)={1,2,3} and f,(B)=6
f,(AAB)={1,2,3}
f,(AaB)=¢ and f,(A)v f,(B)={1,2,3}
Case (iii) :Let A#§,B+#¢dand AAB =, and AoB # ¢
f,(A)={1,2,3} and f,(B)={1,2,3}
- f,(AAB)=¢,f,(AuB)={1,2,3} and f,(A)v f,(B)={1,2,3}

Where Ae .
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Case (iv) :Let A=¢,B=¢,ThenAAB = ¢, and AoB =¢
f,(A)=¢ and f,(B)=¢
- f,(AAB)=¢,f,(AoB)=¢ and f,(A)v f,(B)=¢.
Case (v) :Let A#¢,B#pand AAB =¢,AaB=¢
- f,(A)={1,2,3} and f,(B)={1,2,3}
- f,(AAB)=¢,f,(AaB)=¢ and f,(A)v f,(B)={1,2,3}
Case (vi) :Let A#¢,B#¢then AAB # ¢, and AoB =¢
f,(A)={1,2,3} and f,(B)={1,2,3}
- f,(AAB)={1,2,3} f,(AoB)=¢ and f,(A)v f,(B)={1,2,3}
In above all the cases,
1.f,(AAB)< f,(A)v f,(B)
2.f,(AaB)< f,(A)v f,(B)
and itis clear that AcB= f, (4) < f,(B)
Hence f, isa L - fuzzy sub ordered finite I - near ring of (4, A, T").
Now, we prove a necessary and sufficient condition for f to be a co-fuzzy sub ordered finite I"— near ring.

Theorem3.7: Let f be a fuzzy sub set of finite ordered T - near ring (4, +, ' ). Then f is a co-fuzzy sub ordered finite T" -
near ring of _#” if and only if for each 5 (0,1, the & -cut
fi={xe ¥ /f(x)< 6} is a sub ordered I - near ring of A4

Proof:
Let f be a co-fuzzy sub ordered I" - near ring of 4. We need to prove that the O - cut

fi= {x eEN /f(x) < 8} is a sub ordered T" - near ring of A4~ .
Let x,y € f;
.'.f(x)<6 and f(y)<8
Now f(x+y)§max{f(x),f(y)}<8
X+ YE
Let x,ye f, and a.el’
f(xocy) < max{f(x),f(y)} <o
S.Xoy € fy
Thus f; isasub ordered I - near ring of _4”.
Conversely assume that f; isasub ordered I" - near ring of _#*.forall 6 € (0,1]
We have to prove that f is co-fuzzy sub ordered finite T - near ring of 4.
If possible, let 3 x,,y,€ # >
£ (xg+y,)>max{f(x,).f ()}

f(xo+y0)+max{f(x0)’f(y0)}
2

o f(xo+y,)>8and max{f(x,)f(y,)}<?

XY, € fy and x,+y, € f;

This is a contradiction to the fact that f; is a sub ordered I" - near ring.

.'.f(x+y)£max{f(x),f(y)} vx,ye m#.

Choose 6 =
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Again, if possible let3 x,,y, € 4. 3

f(xoocyo)>max{f(x0),f(y0)} for some el
f (xoao) +max{f (x,). £ (7o )}

2
.‘.f(xoocyo)>oc and max{f(xo),f(yo)}<8

SXo, € fs and X, Y, € fs
Which is a contradiction

.‘.f(xocy)ﬁmax{f(x),f(y)} Vx,ye #and ael’
Let x,ye # and x<y
If possible, let f(x)> f(y)
. choose a 5&(0,1) such that f(x)>8> f(y)

Choose 6 =

~xefsand yef;
Which is a contradiction

Hence x<y = f(x)<f(y)
.. f isaco-fuzzy sub ordered finite I" - near ring of A4~ .

Theorem3.8: The intersection of two co-fuzzy sub ordered finite I" - near rings of a finite ordered I" - near ring
(4, +, ') is a co-fuzzy sub ordered finite I"- near ring of 4.

Proof:

Let f and g are two co-fuzzy sub ordered finite T - near rings of finite ordered T" - near ring (JV ,+, F).

We have to show that (fmg) is a co-fuzzy sub ordered finite I" - near ring of 4" .
Let X,y € #andael.

i.(fng)(x+y)=min{f(x+y).9(x+)|
< min{max{f(x),f(y)}.max{g(X);g(J’)}}
=max{(f 0 g)(x),(f N g)(»)}
(frg)(x+y)<max{(fng)(x),(f 0 a)(¥))
ii.(f ng)(xay)=min{f (xay),g(xo )}
< min{max{f(X),f(y)},max{g(x)'g()’)}}
=max{(f 0 g)(x).(fng)(»)}

(fg)(x+y)<max{(fng)(x).(f ng)(y)]
iii. Letx,yeNand x<y

f(x) < f(y) and g(x) < g(y)

Now (fmg)(x) = min{f x),g(x)}
<min{f(y).g(»)}
=(frg)ly

Hence f Mg is a co-fuzzy sub ordered finite I" - near ring of 4~ .

Theorem 3.9: The union of two co-fuzzy sub ordered finite I" - near rings of a finite ordered I" - near rings A4 is a co-fuzzy sub
ordered finite I" - near ring if one is contained in other.
Proof: Let f and g be two co-fuzzy sub ordered finite I" - near rings of #”suchthat fcg orgc f .

With out less of generality, assume that f < g
i.Let x,ye #

© 2021, www.l1JARIIT.com All Rights Reserved Page | 71



file:///C:/omak/Downloads/www.IJARIIT.com

International Journal of Advance Research, Ideas and Innovations in Technology

f(x)<g(x) and f(y)<g(y)

iii. let x,ye 4 andx<y

~(Fog)(x)=max{f(x).g(x)}
<max{f(y).g(»)}
=(fug)ly)

Hence f U g is a co-fuzzy sub ordered finite T" - near ring of A4~

Note 3.10:
The converse of the above theorem need not be true, i.e., even if the union of two co-fuzzy sub ordered finite I" - near rings of
finite ordered I" - near ring A4 is a co-fuzzy sub ordered finite I" - near rings of _#, one may not contained in the other.

Example 3.11:  Let §={1,2,3,4} then (P(S),A,F) is a finite ordered T - near ring. Where I' = {{1}{12}}
Define f:P(S)—[0,1] and g:P(S)—[01] such that
05 if A#¢
f(4)= .
04 if A=¢
and
0.6 if A=
(a)-{os 0 070
0.3 if A=¢
Then clearly (f U g) is a co-fuzzy sub ordered finite I" - near ring of(P(S),A,F) . But one is not contained in the other.
ie, fzg and gzf .
Theorem 3.12:
The necessary and sufficient condition for two level subsets f81 and f82 of a finite ordered I" - near ring (4, +, ") are equal

are two co-fuzzy sub ordered finite " - near rings of (P(S),A,F) .

is there exists, no x € _#”such that 0, < f(x) <9,.

Where 0<9, <9,<1
Proof:
Let the two level subsets f and f; are equal.

Suppose, let Ixe 4,5 J, Sf(x)<82

Sx¢f; and x€fy

This is a contradiction to f81 :f82

I noxe# 3539, Sf(x)<82

Conversely assume that ..3 noxe 4" 3 6, < f(x) <9,
Suppose let f; # f5

~Ss, < 8,
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=> There exist x € f62 such that x eEfSl

=5, < f(x)<3,
This is a contradiction to our assumption
Hence f81 = faz- 0

4, HOMOMORPHISM OF FINITE ORDERED I'— NEAR RINGS

In this section we define homomorphism between two finite ordered I"— near rings and prove that homomorphic image and pre
image of co-fuzzy sub ordered finite I"— near rings are also co-fuzzy sub ordered finite I" — near rings.

Definition 4.1:Let (A1 ,+,T") and( A", ,+,T") be two finite ordered T" - near rings and

f: N1 —> A ,beamapping. Then f issaid to be homomorphism if

L f(a+b)=f(a)+f(b)
2. (@)= £ (a)of (5
3.a£b:>f(a)sf(b) ,Va,be ¥ and yeTl
Definition 4.2:Let (A1 ,+,T";) and(A"2 ,+,T",) be two finite ordered I" - nearrings. f: 41 — 4"
and g:I', = TI', be two mappings. Then (f,g) is said to be homomorphism from A4~ ,
to A ,if
1. f(a+b)=f(a)+ £ (b)
2. f(avb)=f(a)g(v)f(b)
3a<b= f(a)< f(b) ,Va,be A 1and yel,

Definition 4.3: Let (A1, +,T") and (A", +,T") be two finite ordered I" - near rings and the function
f: N1 —> A isahomomorphism from A° 1to A .. If WL is a fuzzy subset of A" .

Then f(;,t) is a fuzzy subset of N2 defined by
inf u(z)if f7(y)#¢
(F)(y)=¢ S vye N :
0 if f1(y)=9¢

Definition 4.4 : Let (A1 ,+,T") and( A2 ,+,T") be two finite ordered I" - near rings and the function
fi N1 — A isahomomorphism from A°1to A, If G is a fuzzy subset of
A 5, then its inverse image f_1 (G) is a fuzzy subset of A 1 defined by
(f"1 (G))(X) = c(f(x)) Vxe N
Now, we prove some theorems related to homomorphism.
Theorem 4.5: Let (A1, +,T" ) and (A2 ,+,T") be two finite ordered I" - near rings. The function
f:1 W1 —> A ;isahomomorphism. If G is a co-fuzzy sub ordered finite I' - near ring

of A4 ,, then its inverse image fﬁ1 (G) is a co-fuzzy sub ordered finite I' - near ring of

N
Proof:

Given f: 41 —> A ,isahomomorphismand G: 4", —> [0,1] is a co-fuzzy sub ordered
finite I" - near ring of A",
We have to prove that fﬁ1 (G) is a co-fuzzy sub ordered finite T - near ring of A4* 1
Let X,y€ A 1and o el’.
(7 (0)(x+y)=o(f (x+)
=o(f(x)+f(»))
<max{o(/(x)).o(f ()}
=max{( 1 (2))(x).(/ () ()}
(/7 (o) (x+y) < max{(f (o)) (x).(f *())(»)}
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ii.( 7 (o))(xay) = o( f (xay))
=o(f(x)of (¥))
<max{o(f(x)).o(f(»))}
A
(f’l xocy)<max{ Y )
iii. xSy:f(x)Sf(y)
= o(f(x))=0(£(»))
= (/o) (x)=(f (o))
x<y=(f(0))(x)<(f(e))(¥)

Hence f (0): N> [0,1] is a co-fuzzy sub ordered finite I' - near ring of A7 1.

Theorem 4.6: Let (A1 ,+,1") and (A2 ,+,T") be two finite ordered I" - near rings. The function
f:1 41— A ;is an onto homomorphism. If L is a co-fuzzy sub ordered finite I - near ring of A 1then it’s image f(u)

is a co-fuzzy sub ordered finite " - near ring of A4 ».
Proof:

Given f: #°1 — A, is an onto homomorphismand W: A#° 1 — [O 1] is a co-fuzzy sub ordered finite T - near ring of 4"

1.
Now we have to prove that f(u) is a co-fuzzy sub ordered finiteI" - near ring of A" , defined by

inf u(z) if f(y)=o
(F)()={ g YEA
0 if f1(y)=0
Let X,y € A cand o€l
Since f isontofrom A 1to A, 3 Xx',y'e A4, such that f(xl)zx and f(yl)zy

L (F(W)(x+y)=_inf u(z)

zef~ (x+y)

Letu( )—Zelfnf p() ndu(yo)—zglfnf)

.'.f(x) Xandf( )=
Nowf(x0+y0) ( ) ( ) X+y
X+ Yo fH(x+y)

2(f()(x+y)= inf u(z)

zef 1(x+y)
< H(Xo +YO)

<maxfu(x, ) (v, )}
—ma { inf u(z), inf p(z )}

s ) e ()

— max( £(u)(x)).(F (1) ()

u(z)

ii. (f(p))(xocy) inf u( )

zef ™ (xay)
<p(x,0v,)
<max{p(x,).1(,)|
- f f
max{zelfn (z), inf (s )}

=max{( £ (1)) (x). (£ (1)) ()}
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iii. xSy:f(x)Sf(y)
= nf, u(z)< inf u(z)

= (f(W)(x)=(f (W) ()

Hence f(u): ./Vz—>[0,1] is a co-fuzzy sub ordered finite I"— near ring of (A, +,T°). [

5. CONCLUSION AND FUTURE SCOPE

In the paper, we proved that the homomorphic image and its pre-image of a co-fuzzy sub ordered finite I — Near ring is also a co-
fuzzy sub ordered finite I"— Near ring. Also the intersection and union of two co-fuzzy sub ordered finite I'— Near rings are co-
fuzzy sub ordered finite I'— Near rings under certain conditions. Using this idea we have a scope to develop co-fuzzy ideals in
ordered I"— Near rings.
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