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ABSTRACT

In this study, a special standard quadratic congruence of composite modulus-an even multiple of Power of an odd positive integer
is studied rigorously and a very simple formula for the solutions of the congruence is established. It is found that congruence
has many incongruent solutions. The solutions can be obtained without any pen & Paper. It can be calculated orally. The
congruence was not formulated earlier. This is the first time a formulation of the solutions of the said congruence is made
available by the author. This is the merit of the paper.
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1. INTRODUCTION

The author already formulated many standard quadratic, cubic, biquadratic and congruence of higher degree of prime and composite
modulus. All are published in different international science journals successfully [1], [2], [3], [4]. [5], [6], [7]. Even many more
are remained to formulate. Here is one such a very special type of standard quadratic congruence of a very special composite
modulus is considered for formulation. It is of the type:

x? = a? (mod 2™a™); m = 3.

2. LITERATURE REVIEW
The congruence under consideration is
x? = a® (mod 2™a™); m = 3.

It was not formulated by earlier mathematicians. No formulation for its solutions are found in the literature of mathematics. First
time the author is going to present its formulation. Such types of congruence are generally solved using Chinese Remainder Theorem
(CRT)[8]. It takes a long time for solutions. Sometimes the problems seems to be solved impossible. This is the demerit of the C-
R -T method.

3. NEED OF RESRARCH
The demerits of the CRT method is the main problem to the students. To eliminate the demerits, formulation is very necessary. The
author wished to formulate the congruence and to wants to present his research in this paper. This is the need of this paper.

4. PROBLEM STATEMENT

“To formulate a standard quadratic congruence of composite modulus of the type:

x? = a? (mod 2™a™)"
5. ANALYSIS AND RESULTS
Consider the congruence to be formulated: x? = a? (mod 2™a™); a an odd positive integer.

For solutions, consider
x = 2™ 1a" 1 k + a (mod 2™a™).
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Then,
x? = (@ 1.2™ %k + a)? (mod a™.2™)

= (a®L.2m k)2 + 2.0 L. 2" k. a + a? (mod a™. 2™)
= a? + q?2.22m 22 4 20", 2™k (mod a™. 2™)
= a? + a™.2™(a" 2. bk? £+ k) (mod a™.2™)

= a? (mod a™.2™),
by binomial expansion formula.

Thus, x = a™1.2™ 'k + a (mod a™.2™) is a solution of the said congruence

x? = a® (mod a™.2™).
But, if we consider k = 2a,

Then
x=a*1.2™ 1 2a+ a (mod a™.2™)

=a"2™ +a (mod a™.2™)
=0+t a=za(moda™2™)
Which is the same solution as for k = 0.
Similarly, for higher values of k, the solutions repeats as for k = 1, 2,3, .....
Therefore, all the required solutions are given by
x=av 12"k +a(moda™2™);k=0,1,2,...... (2a —1).

These are 2(2a) = 4a incongruent solutions for all values of k. The congruence has two solutions for every value of k and k has
different values.

6. ILLUSTRATIONS
Consider the congruence
x? =9 (mod 432).
It can be written as
x? =9 (mod 27.16) i.e. x? =32 (mod 33.2%)
with
a=3,and m =4, n=3.

Such congruence always has 4a = 4.3 = 12 solutions.
Those solutions are given by

x=a*1.2™ % + a (mod a™.2™);k =0,1,2,3,4,5.
ie. x=331.2* 1k +3 =72k + 3 (mod 33.2%);k = 0,1,2,3,4,5.
i.e. x =72k + 3 (mod 432);k = 0,1,2,3,4,5.
i.e. x=0+%3;72+3;144 + 3; 216 + 3;288 + 3; 360 + 3(mod 432)

i.e.x = 3,429;69,75;141,147;213,219; 285,291; 357,363 (mod 432).

i.e.x =3,69,75,141,147,213,219, 285,291,357,363,429 (mod 432).
These are the twelve solutions of the congruence under consideration.
Consider the congruence

x? = 225 (mod 27000).
It can be written as
x? = 15%(mod 153.23%)
with
a =15, m=3, n=3.
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Such congruence always has 4a = 4.15 = 60 solutions.

Those solutions are given by

x=av 2™ % +a(moda™.2™);k=0,1,2,3,4,........,(215 - 1)
i.e. x =15%371.23"1k + 15 =900k + 15 (mod 53, 23); k=01273,4,...... 29.
i.e. x =0+ 15;900 + 15;1800 + 15;2700 + 15;...... ;24300 + 15;

25200 + 15;26100 + 15 (mmod 27000)
i.e.x = 15,26985;885,915;1785,1815; 2685, 2715; ... .....
............ 24285, 24315; 25185, 25215; 26085, 26115 (mod 27000).
These are the sixty solutions of the congruence under consideration.

Consider the congruence
x? = 25 (mod 4000).

It can be written as
x? = 52(mod 53.25)
With
a=25, m=25, n=3.
Such congruence always has 4a = 4.5 = 20 solutions.

Those solutions are given by
x=av 12" % 4+ a(mod a™.2™);k =0,1,2,3,4.
i.e. x=5%"1.2>% +5 =400k + 5 (mod 5%.2°);k = 0,1,2,3, 4.
i.e. x=0+5;400 £ 5;800 + 5;1200 £+ 5; 1600 + 5; 2000 + 5; 2400 + 5;
2800 + 5;3200 £ 5;3600 + 5 (mod 4000)
i.e.x =5,3995;395,405; 795,805; 1195,1205; 1595, 1605; 1995, 2005;
2395, 2405; 2795, 2805; 3195, 3205; 3595, 3605 (mmod 4000).

These are the twenty solutions of the congruence under consideration.

7. CONCLUSION
Thus, it can be concluded that the congruence under consideration x? = a? (mod a™. 2™), is formulated successfully for an odd
positive integer a and has 4a solutions which can be given by x = ¢~ %.2™ ' k + a (mod a™.2™);k =0,1,2, .........(2a — 1).

8. MERIT OF THE PAPER
Formulation is the merit of this paper. A special type of standard quadratic congruence of composite modulus is formulated, which
was not formulated earlier. The formulation is time-saving and very simple. Sometimes the solutions can be obtained orally.
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