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ABSTRACT

This work explores mechanisms for pattern formation through coupled bulk-surface partial differential equations of reaction-
diffusion type. Reaction-diffusion systems posed both in the bulk and on the surface on stationary volumes are coupled through
linear Robin-type boundary conditions. The presented work in this paper studies the case of non-linear reactions in the bulk and
surface respectively. For the investigated system is non-dimensionalised and rigorous linear stability analysis is carried out to
determine the necessary and sufficient conditions for pattern formation. Appropriate parameter spaces are generated from which
model parameters are selected. To exhibit pattern formation, a coupled bulk-surface finite element method is developed and
implemented. The numerical algorithm is implemented using an open source software package known as a deal.ll and show
computational results on spherical and cuboid domains. Also, theoretical predictions of the linear stability analysis are verified
and supported by numerical simulations. The results show that non-linear reactions in the bulk and surface generate patterns
everywhere.

Keywords— Bulk-surface, Reaction-diffusion, Finite-Element-Method (FEM), Partial Differential Equations (PDESs)

1. INTRODUCTION

Most biological and chemical processes that can be explored through reaction and diffusion of chemical species are often modelled
by systems of partial differential equations (PDEs) [1-3]. A special class of these are reaction-diffusion equations, which are used
to analyse and quantify various biological processes such as the natural evolution of pattern formation on animal coats,
developmental embryology, immunology, and ecological dynamics [4-7]. The study of reaction-diffusion systems, in general, has
been and continues to be an interesting topic for research in various branches of scientific studies. In order to quantify the evolution
of chemical reaction kinetics associated to biological processes, it is a usual approach to employ a system of partial differential
equations describing the chemical reactions, which is investigated through mathematical techniques to reveal the long-term
behaviour of the evolving kinetics. [8,9]

Alan Turing was one of the first scientists to suggest in 1952 the use of a system of reaction-diffusion equations to model how two
or more chemical substances evolve when they are simultaneously subject to a specific reaction rate and each one of them diffuses
independently of the other. Alan Turing suggested that the theory of biological pattern formation can be mathematically formulated
by a system of partial differential equations [10]. The study [11] is a theoretical set-up through coupling reaction-diffusion system
to provide insight on the trajectory of a particle during the process of bulk excursion when it unbinds from the surface without a
regular occurrence.

Turing’s theory suggests that pattern formation occurs when a system experiences diffusion-driven instability, [10,12] which is a
concept that is hypothetically responsible for the emergence of spatial variation in the concentration density of a chemical species.
Diffusion-driven instability takes place in the evolution of a system when a uniform stable steady state is destabilised by including
the effects of the diffusion process in the system. It is a non-trivial property of the diffusion operator that it can be responsible to
destabilise a stable steady state of a system of partial differential equations, because a diffusion operator by itself has the property
to homogenise small spatial perturbations, therefore, intuitively if diffusion is added to a system of reaction Kinetics that is stable in
the absence of diffusion, then small perturbations near a uniform steady state are expected to ensure that the evolution of the reaction-
kinetics converges to the uniform steady state.

Researchers in applied mathematics and computational science also explore bulk-surface reaction-diffusion systems (BSRDSS),
which are employed in special kinds of models for biological processes, where species react and diffuse in the bulk of a domain and
these are coupled with other species that react and diffuse on the surface of the domain. Bulk-surface reaction-diffusion systems are
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employed as a framework to model the chemical interaction of bulk-surface problems arising in cell biology. [13] In particular, the
framework proposed by [13] aims to provide improved computational and algorithmic efficiency, which is mainly achieved, through
employing the usual diffusion on local tangential planes as an approximation of Laplace-Beltrami operator. The framework proposed
by [13] is applied to a realistic cell-like geometry, which produces results that are in agreement with quantitative experimental
analysis on fluorescence-loss in photo-bleaching. Another example of a computational approach to solving coupled systems of
BSRDEs is the work presented in, [14] where they proposed a computational approach to bulk-surface reaction-diffusion systems
on time-dependent domains.

In general, there are two main aspects to the study of bulk-surface reaction-diffusion equations. The first approach is to solve systems
of bulk-surface numerically. Finite element method is the usual choice of the numerical method in the literature, for example, there
is a detailed study in, [15] suggesting some results on the numerical analysis, existence and convergence of finite element
approximation when bulk-surface reaction-diffusion equations (BSRDES) are posed with Robin-type boundary conditions. A priori
error bounds on the finite element approximate numerical solution are also both derived in certain norms and verified numerically.
The work in [15] is concentrated mainly on the numerical analysis side of the particular scheme they present, which lacks to provide
any insight on the stability analysis of the proposed system. Though it is a reasonable decision to exclude stability analysis due to
consistency and relevance of contents, however with improvements in computational efficiency of BSRDEs, it is crucial that
attention is given to stability analysis of such systems.

Bulk-surface systems with a single PDE posed in the bulk and coupled with another PDE on the surface also play a vital role in
understanding the interaction of receptor-ligand in the process of a signaling cascade [16]. In [16] the existence of solutions is
proven with some computational results associated with the theoretical problem, again lacking to provide insight into the stability
behaviour of the dynamics modelled by the coupled system. Even though the results achieved in are mathematically sound from
numerical analysis and computational viewpoint, it would provide a complementary back-up to the work if it is equipped with
detailed results of stability analysis.

Stability and bifurcation analysis are two other usual analytical approaches to understanding the dynamical properties of the
reaction-diffusion system near a uniform steady state [17-21]. It is evident from the literature on the subject of stability analysis that
a very limited amount of work is done on stability analysis in a coupled bulk-surface set-up. This is mainly due to the extensive
complexity associated with deriving the relevant conditions for diffusion-driven instability when equations from the bulk are coupled
with equations on the surface. One of the first detailed studies on stability analysis of BSRDEs is conducted in, [20] where it is
analytically proven that a certain suitable parameter range exists for equations in the bulk that can induce spatial pattern on the
surface.

Coupled systems of bulk-surface reaction-diffusion equations (BSRDES) are one of the several generalisations of reaction-diffusion
theory to explore numerous applications in mathematical biology. Processes that involve bulk-surface reaction and/or diffusion are
found in various research disciplines such as experimental research in organic chemistry, where a bulk-surface photografting process
is used as an efficient tool to create thick grafted layers of hydrophobic polymers in a very short span of time. [22,23]

Bulk-surface reaction kinetics are also used to investigate the behaviour of chemical reactions in the interior of a cell, and to explore
how a set of specific reaction Kinetics in the interior of a cell evolve to influence the surface of the cell. [25] We also find bulk-
surface reaction-diffusion equations that model a particular aspect of cellular functions with relevance to chemical signalling. In
[25] a detailed mathematical model is developed for this particular investigation, to explore the dynamics of pattern formation in
the consequences of bulk-surface coupling reaction kinetics. Moreover, bulk-surface reaction-diffusion equations help to reveal the
mechanism of symmetry breaking which is one of the essential steps before the emergence of polarisation of biological cells or buds
in yeast cells, the direction of cell motility. [25]

The bulk-surface reaction-diffusion system is also used to model how surface active agents (surfactants) evolve on the surface of a
system, in which the chemical concentration is coupled through a given reaction with the substance in the bulk [26]. BSRDSs also
arise in mathematical models for the dynamics of lipid raft formation on biological membranes [27], where the formation of the
layer on a biological membrane is modelled as the consequence of coupling conditions with species that react and diffuse in the
bulk. A further example of a biological application employing bulk-surface reaction-diffusion systems is presented in [28], where
they model the mediation of cellular metabolism and signalling in part by trans-membrane receptors that undergo the process of
diffusion in the cell membrane. From the variety of applications that employ BSRDSs, one realises that a robust study of such
systems can provide solutions to a great number of important questions in mathematical biology. This, in turn, requires an in-depth
and rigorous study of BSRDSs in an attempt to achieve extensive insight into the evolving properties of these models. Most of the
published work presented in the current section on the study of BSRDSs either investigate an over-simplified case scenario with the
aim of mathematical tractability or a complex model with limitations on the robustness of analytical and numerical findings.

In this paper, the presented study is motivated to explore BSRDSs with a realistic degree of complexity through a four-component
reaction-diffusion system, two of which are posed on the surface and the other two are posed the bulk. The equations in the bulk
and on the surface also satisfy coupling conditions through the evolution dynamics on the surface is influenced by the reaction-
diffusion process inside the bulk. It can prove of great importance to obtain insight on the pattern formation properties of such
systems. The tools to achieve this in the current thesis are the combined application of linear stability theory, mode isolation and
the finite element method.

The remaining part of the paper is organised as follows. Section 2 a study is conducted through the application of rigorous linear
stability theory which is applied to analytically explore and predict the pattern formation properties associated with the adopted
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bulk-surface reaction-diffusion system. This is done by investigating the necessary conditions for diffusion-driven instability for the
system. Section 3 presents deriving a set of sufficient conditions for diffusion-driven instability, which complements the necessary
conditions of the previous section in order to insure that spatial pattern is obtained. In Section 4 the theoretical formulation for the
finite element method is presented for the investigated system. Section 5 contains the numerical simulations obtained using Deal.ll
library to verify the analytical predictions associated with the pattern formation properties for the three systems. Finally, section 6
concludes the presented work in this paper.

2. ANALYSIS OF COUPLED SYSTEM OF BULK-SURFACE REACTION-DIFFUSION EQUATIONS (BSRDES)
In this section, we formulate and present the coupled systems of bulk-surface reaction-diffusion equations on stationary volumes,
in which two of the equations are posed in the bulk and coupled with two other equations that are posed on the surface bounding
the corresponding stationary volume. Reaction-diffusion systems posed both in the bulk and on the surface are coupled through
linear Robin-type boundary conditions.

For the investigated system, we analyse non-linear reaction kinetics both in the bulk and on the surface. The details of the scaling
process that makes the system studied in this paper dimensionless are presented. Also, linear stability analysis is carried out both in
the absence and presence of diffusion, the necessary and sufficient conditions for the steady state to be stable are derived in the
absence of diffusion. In the presence of diffusion, the necessary conditions for diffusion-driven instability are derived. The
theoretical results for this system show that the bulk dynamics and the surface dynamics drive pattern formation.

Let 2 c R3 be a stationary domain with boundary that is a compact hyper surface denoted by I' ¢ R2. Let u:2 x (0,T] —
R and v:2 % (0,T] = R denote the concentration of two chemical species which react and diffuse in Q. Let r:I" X (0,T] =
R and s:T x (0,T] = R denote two chemical species residing on the surface.

When the species from the bulk and surface are coupled only through the reaction kinetics and there is no cross-diffusion, it means
that all four species diffuse independently of each other, which can be written in dimensional form with independent diffusion rates
as follow:

u, =D, du+ f(u,v), .
{vt = D, Av + g(u,v), in 2 (0,T] )
. =D Arr + f(r,s) —h(u,v,1,59),
{st = DyArs + g(r,s) — h,(u,v,1,5), on ' (0,T]
With coupling boundary conditions
u
—=h(u,vr,5s),
v onT x (0,T]. @
dg ol h,(u,v,71,5),

Where, £2 is a three-dimensional fixed domain bounded by a compact surface denoted by I", which means that it is a boundary-free
connected and closed surface. The strictly positive constants D,, > 0, D, > 0, D, > 0 and Dy > 0 are the independent diffusion
rates corresponding to the variables indicated in the respective subscripts of each D.

We assume f(.,.) and g(.,.) to be non-linear functions. The coupling conditions of the system are represented by h; and h, which
are functions of u, v,r and s. h; and h, denote reactions of substances througth boundary interface, therefore they depend on all
four species namely u, v, r and s.

We explicitly define h, (u, v, 7, s) and h, (u, v, 7, s) [20] to be:
hy(u,v,7,8) = a;r — fu — K,V 3)
h,(u,v,7,8) = ay,s — fu — Kk,v. 4

The constants a,, a5, 1, B2, k1 and Kk, are positive parameters of system (1). We also assume that from all the species we initially
have some positive quantity present, which we denote by u°, v°,r° and s°, which provides the initial conditions for system (1)
written as:
u(x,0) = u’(x), v(x,0) =v°(x), r(x,0) =7r°(x), and s(x,0) = s°(x).

In this system, we focus on the widely known activator-depleted model also known as the Brusselator Model [29-33]. In the
Brusselator Model, the reaction kinetics are non-linear, given by

fuw,v) = ky — kou + ksu?v, and g(u,v) = ky — kyu?v, (5)
With positive parameters k,, k,, k5 and k.

2.1 Non-Dimensionalisation

The system of equations is non-dimensionalised using a specific scale, in space or time, for observing the prospective solution within
the specified scale range. In the new system after non-dimensionalisation, the variables and parameters are all unitless and the
parameters will be fewer than in system (1). The non-dimensional variables are introduced with a hat and these are writtenas @i, ¥, 7
and § with the corresponding scaling factors u*, v*, r* and s* respectively. The process of non-dimensionalisation is only represented
for the bulk-equations in three spatial diemnsions, and the process is identical to non-dimensionalise the surface equations where a
two-dimensional surface is embedded in three dimensional space. We choose L to denote the scaling factor for length (L, for the
bulk and L for the surface) and t* to denote the scaling factor for time (t;, for the bulk and t; for the surface), The dimensional and

the non-dimensional variables [34,35], are related through
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u=u', v =v"D, r=r'f s =S"§,
Where for the bulk we use the scaling given by:

x = LyX, y =Ly, z = 1,2, t=tyT
and for the surface equations, we use:

x = L%, y = Ly, z = L2, t =t;T.

We substitute for each dimensional variable its corresponding product of a non-dimensional variable and the scaling factor leading
to:

u* ot u* n TN

ga =DuEAu+k1—k2uu+k3u Vo, (6)
:—;Z—Z - D,,Z—%Aﬁ + ke, — ksu'?v 029, ind x (0,7] @)
r*of r g2

t_;a —DLZApr+k1—k2rr+k3r 798 — a7 + fiutt + kv D, (8)
s* 08 s* . -

t_;a =DSL2A,~s+k4—k3r S*P28 — a5t + Bouttl + kv D, onl X (0,T] 9)

Where 2 and I respectively denote unit cube and its six sided surface. The scaling T denotes the final time for the non-dimensional
system.
Multiplying (6), (7), (8) and (9) by 2, 2, =

'T*

ts . .
and S—S respectively, provided that u*, v*, r* and s* are non-zero. We may choose to

2 2
define t; = [L)—” and t; = IL)—S and factoring out some parameters will result in writing the system as
u T

o Bk, k k
(12— pa422 2 [—— — 0+ —uv 029,
ot Dy epu’ & in ) x (0,7]
00 _ L%,kz[ ke ks o, . ’
— = —urcicv,
J ot @ D, 'k,v* k, (10)
o =AAf+L§k2[k1 —f+k pragrpzg _Tpy U w — B0+ _v* K1)
<ar ™7 b, Yrk, k, k,” ' 1k, ik, Y
0B g ile ke ks b G W Y lonF X (0,7]
kaT DT S*kz k2 k2 kz *k

Where d,, = g—” and dp = % express the non-dimensional positive ratios of diffusion parameters. Requiring the terms %u*z =1
u T 2

and %r*z =1 to be non-dimensional respectively imply defining u* = \/% and r* = \/% The scaling factors v* and s* through
2 3 3

a similar process may be derived as

k3 k2 k2 k3 k2 k2
X \/k:v =>v" \/k: and %, |k s =S r

Substituting (11) in system (10) results in

ou

a_ =A‘a+'yn[a2—ﬁ+ﬁ2ﬁ], R

a; in 2 x (0,T]

P dodD +yo[b, — 02D], (12)
] coF

3 = Apf + yr[a, — 7 + 728 — p37 + ufl + 5,7, R R
a; onl x (0,7]
= d[*Af§ + yF[bz - f'2§ - p4§ + ,Lllﬁ + 531’7\],

ot
2 5 Kk, ks k3
. . LYk L2k 1\ky 4\kz
where the new dimensionless parameters y, = 22, yp = =2, g, =—2 p, =32 p =2 5, =22 = ﬁl, Uy =
Dy Dy ko ko ko ko
22§, = -t and §; = -2 are defined as a consequence of the scaling choice used for u*, v*, r* and s*.

The boundary and |n|t|al conditions are non-dimensionalised through the same choice of scaling factors for all variables. For
notational convenience, we drop all the hats from the non-dimensional variables to obtain the full system of BSRDES given by (1)
in its non-dimensional form as

((0u
5 = Au+ygla, —u+ u?v,
afy in 2 x (0, T]
— =dyA b, — u?v),
< at 04V + yq[b, — utv] (13)
or
3 = Arr +yr[a, — 7 + 725 — par + pu + 5,0,
a; on T x (0,T]
% = drdrs + yr[b, — 125 — pus + pyu + 83v],

With linear boundary conditions
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Vu-v =yr[psr — pu — 6,v],
{dﬂVU V= yr[pss — pu — 83v]. on > (0.1, (14)
The non-dimensional initial conditions for all equations are given by
u(x,0) = u’(x), v(x,0) =v°(x), r(x,0) =r°(x) and s(x,0) = s°(x). (15)

The parameter y,, is known as the reaction scaling parameter in the bulk and y, is the reaction scaling parameter on the surface
and both are non-dimensional.

2.2 Linear stability analysis in the absence of diffusion

DEFINITION 2.1 (Uniform steady state): [10,12] A point (g, vg, 7o, So) 1S @ uniform steady state of the coupled system of bulk-
surface reaction-diffusion equations (13) if it solves the non-linear algebraic system given by f;(ug, vy, 79,50) =0, forall i =
1,2,3,4 and satisfies the boundary conditions given by (14)

We derive the uniform steady state by solving the algebraic system

fitw,v,1,8) =yga, —u+u?v) =0, (16)
fowv,r,5) =vyeb, —u’v) =0, a7
fs(w,v,1,5) =yr(a, — 7 +71%s — psT + pu + 5,v) = 0, (18)
filu,v,7,8) =7yr(by — 725 — pys + pu + 53v) =0, (19)

Such that the boundary conditions given by (14) are also satisfied:
Yrlpsr —uu — 8,v] =0, (20)
Yrlpas — pu — 83v] = 0. (21)

We add (16) and (17) to obtain

ay — Uy — udvy + b, —udvy =0 = ug = a, + b,. (22)

Upon substituting u, into (17), we find
b,

Y0 = (az + b))

Through similar straightforward algebraic manipulation, we also find the steady state expressions for r, and s, in the form

b,
rn=a,+b, and s;= m. (23)
Therefore, the uniform steady state solution satisfying system (13) is of the form
2 b2
(ug, V9,70, S0) = (a; + bz,m,az + bz,m). (24)

Substituting the uniform steady state (24) in (18) and (19) leads to state condition on the parameters. The condition on the parameters
is derived by direct substitution of (24) and algebraic manipulations through the following steps result in
—p3(az + by) + u(a, + by) + 52m =0,
b,6,
H—ps
by +6,—2
+m(az +by) + Syt b (26)
_ by (85 — pa)
- - - - -y Ml - -
Combining (25) and (26) we obtain the required condition on the parameters in the form

b, &, _ b, (83 — pa)
1= p3 o
(U — p3)(83 — ps) = 344y. (27)

Therefore, in order for (24) to be a steady state of the system (13), a condition on the parameters is required to hold, which is
(1= p3)(63 = ps) — 62141 = 0. (28)

(25)
= (a; +by)* = —

2
P4 ay + by)?
= (a; + by)? =

These findings are summarized in the following theorem.

THEOREM 2.1 (Existence and uniqueness of the uniform steady state) [20] The coupled system of BSRDEs (13) with conditions
(14) admits a unique non-zero steady state given by

2 2
(uo, Vo, 70, o) = (az + bz;m, a, + bz;m), (29)
Provided the following compatibility condition on the coefficients of the coupling terms is satisfied
(1= p3)(63 — pa) — 81, = 0. (30)

Finally, we set out the summary of the necessary and sufficient conditions for Re(41) < 0 in Theorem 2.2.
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THEOREM 2.2 (Necessary and sufficient conditions for Re(4) < 0) [10,12] The necessary and sufficient conditions such that the
zeros of the polynomial p, (1) have Re(1) < 0 are given by the following condition:

fiu+ f2v <0, (31)
fluf2v - flvau >0, (32)
far + fas <0, (33)
f3rf4s - f3sﬁtr > 0. (34)

2.3 Linear stability analysis in the presence of diffusion
We start by analysing the system by taking the diffusion terms into account and performing the linear stability analysis. We introduce
a small perturbation in the neighbourhood of the steady state namely (u,, vy, 79, So)- We introduce the small perturbations up to the
linear term in the form of

ux, t) = uy + ewy (%, t),

v(X,t) = vy + ewy (X, t),

r(y,t) =1+ ews(y,t),

s, t) =sp +ew, (¥, t),

where 0<e<<]1.
If we substitute these small perturbations into the system we obtain
ou(x,t) 0J(ug+ewi(x,t)) ow, (x,t)

at ot ‘T
ov(x,t) 0(vy + ewy(x,t)) ow,(x,t)
= = £ B

ot ot ot
or(y,t) _d(m +tews(n,t)) _ dws;(y,t)
= =< B

ot ot ot
0s(y,t) _ 0(so +ews(y, 1)) _ Ows(y,t)

= =&
ot ot ot

and also
Au(x,t) = A(uy + ew; (X, t)) = edw; (%, 1),
dodv(x,t) =dyA(Wwy + ew,(X,t)) = dyedw, (X, 0),
Arr(y,t) = Ar(ry + ews(y,t)) = edrws(y, 1),
drars(y,t) =dpAr(se + ewya(y,t)) = dredrw,(y, t).

Similarly, we substitute such perturbations in the reaction terms. Since we know that at the steady state f(ug, Vo, 70, So),
9o, Vo, 7o, So), Ry (Ug, Vo, 7o, So) and h,(ug, Vg, 7o, Sg) are all equal zero, therefore we aim to collect terms in such a way to
determine the relative expressions for the steady state in each equation. Furthermore, we aim to perform linear stability aa nalysis.
Performing the algebra and cancelling the expressions for steady state and ignoring higher order terms will transform the equations
into linearised system the a of equations.

For the remaining of this work, the analysis is restricted to circular and spherical domains, where the cartesian coordinates are
transformed to polar coordinates. The coordinate transformation is done mainly for the convenience of applying the separation
variables. A close form solution can be written in the form
wi(X,t) =Py, (X)uym (D),
wa(X,t) =y, (v (D),
wz(1,t) = 1 m (D),
wa(y, 1) = d)sym (L),
which are substituted in the linearised system of equations, to obtain
Yiey UL (8) = Ay, (KU (B),
Ve VL (1) = Aty (X0 (0),
PO () = Ar (V)11 (D),
PO)sim(t) = Ard(Y)Sim(0).
For equations on the surface, the relations may be written as
m()  Arp(y)

= ==l(l+1),
m®  p0y D
() A
Sl,m( ) _ ro() — I+ 1),
sim(®) ()
Whereas for the bulk, the relations take the form
Um(t) A, (X) )
= = _kl,m'

Upm(t) Yk, (X) B
Ul’,m(t) _ Al/}kl,m(x) _ _1,2
V() Vi (X) o
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We consider a coordinate transformation in which a vector x may define every point in the bulk by the variables r (radial distance
from the origin) and y (a point on the surface), with the relationship x = ry where r € (0,1), y € T.

Since the eigenvalue of the problem on the surface depends on [ itself, therefore we may consider positive integers only, and m can
be any integer with the restriction|m| < [. This is because the eigenvalues of both problems are equal at r = 1. Note that if r = 1
for the eigenvalue problem in the bulk, then the eigenvalues associated to the usual diffusion operator must coincide with those
associated to Laplace-Beltrami operator on the surface, which means the following relation must hold.

—kfm =—l(l+1)
Now we summarise the results in the following theorem.

THEOREM 2.3: [10,12] The necessary conditions for diffusion-driven instability for the coupled system of BSRDEs (13) and (14)
are given by

flu +f2v < 0' (35)
fluva - flvau >0, (36)
f3r + ﬁts < 0' (37)
fSrﬁLs - fSSﬁtr >0, (38)
and,

d.(Zflu + f2v >0 and [dﬂflu + f2v]2 - 4d.(2(f1uf21; - flvau) > 0. (39)

and/or
drfsr + fas >0 and [drfsr + fas]® — 4dr (far fas — fasfar) > 0. (40)

3. MODE ISOLATION AND PARAMETER SPACE GENERATION

In this section, we proceed with the process of deriving sufficient conditions for diffusion-driven instability that complement the
necessary conditions found in section 2 to ensure the emergence of spatial patterns. As the standard requirement of this process, we
start by extracting excitable wavenumber through the analysis of critical diffusion ratio. Eigenvalues and eigenfunctions of the
Laplace operator are briefly discussed on the surface. The results for mode isolation for the excitable wavenumber are employed to
computationally find Turing parameter spaces on the real positive parameter plane. We also present the process of coordinate
transformation from cartesian to spherical of the usual Laplace operator. Finally, we analyse and compare the shift and dependence
of Turing spaces for equations in the bulk with those Turing spaces that are derived for equations on the surface.

3.1 Critical diffusion ratio and excitable wavenumber
For the bulk, the conditions (35), (36) and (39) are necessary but not sufficient for the emergence of an inhomogeneous spatial
structure. The sufficient condition requires the existence of some finite wavenumber k? € (k?, k%), where k2 are the roots of the
equation H,(k?) = 0. Also, for the surface the conditions (37), (38) and (41) are necessary but not sufficient for diffusion-driven
instability and the sufficient condition requires the existence of some finite wavenumber I(I + 1) € (I({ + 1)_,I(l + 1)) where
[(1 + 1) are the roots of the equation H; (I(l + 1)) = 0.

When the minimum H, (k?) = 0, we require that

(defiu + fav)?
fuufow = frofou =4 (41)
c
For fixed parameters on the kinetics in the bulk, the critical diffusion d, is obtained using the following form
A2 ffy = Q@fiufor = 4frof)de + = 0. (42)
Corresponding to the critical diffusion coefficient d., there exists a critical wave number k2, which is the root of the polynomial
H, (klzm) = kl,m4d.(2 - kl,m2 Yo [dﬂflu + f2v] + (fiufow — flvau)y.(% =0. (43)
The expression for k2 that obtained by
k? — i'}/n (flufZUd_ flvau) . (44)
c

This is the critical wavenumber, the sufficient condition for Turing instability with the necessary conditions (35), (36) and (39)
satisfied, which leads the system to evolve into a spatial pattern. Similarly, the critical diffusion coefficient d,. on the surface can be
obtained from the following equation:

dgf32r = (2fsrfas — Afssfar)dc + ﬁl-zs =0. (45)
The critical wavenumber on the surface is given by

l(l + 1)C — in (f3rﬁl-sd_ f3sﬁl-r), (46)

Which provides sufficient condition for diffusion-driven instability on the surface.
For fixed kinetics parameter values, a, = 0.1, b, = 0.9, we use the first derivatives of fi, f,, f5 and f, and the values u, = a, +

b2:0.1+0.9:1, 170:

Substituting these values into (42), one obtains
d?(0.64) — (5.6)d. +1 =0,
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For which the two roots are given by
d, =8.56762745781 > 1, (47)
d. =0.18237254218 < 1. (48)
Since the diffusion coefficient must be greater than 1, then we only take the critical diffusion coefficient ratio as d, =
8.56762745781.

Figure 1(a) shows the plot of H,(k?) as a function of k2. All three possibilities for diffusion coefficient d with respect to the critical
diffusion d, are plotted.

To verify that d < d, does not allow Turing pattern to evolve, the necessary conditions are tested on the parameter space (a,, b,)
where a, and b, are the positive constants of the Schnakenberg reaction kinetics. It is found that when d < d, there is no region in
the parameter space that would become unstable due to diffusion in the system. This is shown in figure 2(a). Similarly when d >
d., then we see that the unstable region is formed in the parameter space (yellow region in figure 2(b)), which corresponds to the
parameter values that would result in the system to evolve into a Turing pattern.

Plot of Hz(kz) Plot of Re A(kz)
9 i i : i . 0.2
01 -
1.5 - < __?“k\_
02l / T
A ri._ﬁ, 0.2 . — ]
<03 N[ 9 1
@ o4l N | af,
o N
-0.5 \ \
-0.6 N
0.7
-0.8 - - . - . -
0.1 0.2 0.3 0.4 0.5 0.6 0.7
|(2
@ (b)

Fig. 1: Plot of Hz2(k?) is shown in (a). When d > dc, then Hz(k?) < 0 for a finite range of k?>0: Plot of the largest of the
eigenvalue A(k?) as a function of k? is shown in (b). When d > d., there is a range of wavenumbers k? < k? < k% which are
linearly unstable

d,=20

[i] 0.05 0.1 8.15 0.2 0.25 [4] 0.05 0.1 0.15 0.2 0.25
95 d;
(@ (b)

Fig. 2: When d < dc, then there is no region in parameter space that corresponds to Turing instability, which is shown in
(a). When d > dc, then the diffusion-driven instability region in parameter space exists that corresponds to Turing
instability and is shown in (b).

3.2 Mode isolation in the bulk
With the help of linear stability analysis, certain modes can be isolated to help find the admissible set of parameter values d,, and
y,, for diffusion-driven instability. The necessary conditions for diffusion-driven instability found in section 2 are

flu + f2v < 0' (49)
fluva - flvau >0, (50)
d.()flu + f2v >0 and [dﬂflu + va]Z - 4dn(f1uf2v - flvau) > 0. (51)

One of the sufficient conditions, however, for diffusion-driven instability is that the eigenvalues of the Laplace operator should fall
in the real interval between the small and the large eigenvalues of the system. It means that

yL=k? <k®<k?=yR (52)
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Must hold with L and R expressed by:

— (dﬂflu + f2v) - \/(d.()flu + f2v)2 - 4d!2(f1uf2v - flvau)

L 2d, (33)
and,
R = (dﬂflu + f2v) + \/(dﬂflu + f2v)2 - 4d.(2(f1uf21; B flvau) (54)
2d, ’

respectively. Therefore, for sufficient condition to exist for diffusion-driven instability, the excitable modes must exist and belong
to the interval (52).

Consider the one-dimensional case, the eigenvalues are k? = [?z2. In order to find the excitable wavenumbers, in addition to the
necessary conditions (49), (50), (51) and (52), one requires the sufficient condition of the form
kP, < k? <k} <k?<kh,. (55)

Figure 3 represents the real part of the larger eigenvalue as a function of k2. In Figure 5 the parameter d, = 10 was fixed and the
value of y,, was varied, which suggested that when y, = 15 and y,, = 60 then no wavenumber excited, however if y,,,= 30 and
Yo = 90 then only one wavenumber is excited for each value which are k? and k2 respectively, with k; = 7 and k, = 2m. For
¥o = 187, there are two excitable wavenumbers which are of the form k% = (2r)? and k2 = (3m)2.

A similar approach is applied to the case in two dimensions. The values of d,, and y,, are computed. We are interested in finding
combination of d,, and y,, such that the curve Re(A(k?)) encapsulates only one excitable wavenumber. The algorithm is outlined
through the following steps:

e Defined, =d, + ewhere 0 <e <K 1andd, = 8.5676.
Compute k2 and k3.
If kfm > k2 as shown in figure 4 then increase the value of y,, by 1, till the curve includes the wavenumber by shifting to the
right.
If kfm < k2 then decrease the value of y,, by 1, till the curve includes the wavenumber by shifting to the left.
If there exist two excitable wavenumbers as shown in Figure 5(a) then we decrease € till we obtain a unique excitable
wavenumber as shown in figure 5(b).

A similar procedure may be employed to extract excitable wavenumbers from the spectrum of Laplace-Beltrami operator as a
sufficient condition for Turing pattern to be formed on the surface.

Plot of Re \(k?)

10 | 0=1s
4, =60
=30

81 +,=90
— — =187
VAR
T
< 4
a '
o A
2t \
N
0F [F ) ke i
| 11 3
[
[V A . . . . .
20 40 60 80 100 120

k 2
Fig. 3: The plot of the real part of eigenvalue A(k?) as a function of k2. For fixed d, = 10 and increasing yq, we see that

when yq, = 30 there is only one wavenumber excited (k3 = %), when yq = 90 there is only one wavenumber excited (k3 =
(2m)?). There are two excitable wavenumbers namely k3 = (2m)? and k% = (3m)? when y, = 187.
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Plot of Re \(k?)
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0.5 1
0.4 R
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Fig. 4: The plot of the real part of eigenvalue A(k?) as a function of k2. For all parameter values suitable for diffusion-
driven instability, d, and y,, are varied to capture the excitable wavenumber.

Re A(k?)

Plot of Re \(k?) Plot of Re )\(k?)

12

— ast —
10 /, \\ 4 / ™
/ N 3 / ™
\ N
/ A 2 Y
- B { \ P ¢ \
{ A / ,
™~ \ ™~ / b
Y] / \ 2 /
— B | 5 —~ \
= f \ —< 15 / \
v ., I|'I \\ Qo Ir'l \.\.
o { \ o / \
| L 05 | \\
2 f y 2 .,g.,z 2
| \ o R B %3
]
0 FESNS v 05 / ‘
. | - . v 1 . L \
20 a0 &0 a0 100 120 40 50 50 70 a0 1i
2 2
k k
(@) (b)

Fig. 5: Plot of the real part of eigenvalue A(k?) as a function of k?, where we see that in figure 5(a) there exist two excitable
wavenumbers. By decreasing e we extract a unique excitable wavenumber shown in figure 5(b).

3.3 Turing (parameters) space on the surface
The Turing (parameters) spaces for equations posed on the surface, the conditions for these are obtained in section 2 and outlined
as

far + fas <0, (56)
f3rﬁl—s - f3sﬁl—r > 0» (57)
drfar + fas >0 and [drfa, + fas]? — 4dr(farfas — fasfar) > 0. (58)

The parameter spaces are derived on the actual positive real parameter plane (a,, b,), for two choices of diffusion ratios namely
dr=2° dr=30

0 005 0.1 015 02 0.25 0.3 0.35 0 0.05 0.1 015 0.2 0.25 0.3 0.35
a a

Fig. 6: Turing space for Schnakenberg model for different values of dr: Unstable region is shown in the parameter space
(yellow region)
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3.4 Turing spaces in the bulk and on the surface

The following sub-figures show diffusion-driven instability spaces for the conditions on diffusion-driven instability given by (35)-
(40) in the bulk and on the surface. We combine the Turing spaces (more than one space) in the bulk and on the surface together.
We note that if d, is chosen the same as d, there is no difference in the region corresponding to Turing space as shown in Sub-
figure 8(a). In Sub-figures 8(b) and 8(c), it can be seen that for larger values of the diffusion coefficient the Turing space is
significantly larger than that for the smaller value of the diffusion coefficient. In the context of pattern formation it, means that
regions corresponding to diffusion driven instability enlarge with an increase in the diffusion coefficient.

4. FEM FOR REACTION-DIFFUSION EQUATIONS ON STATIONARY VOLUMES

This section serves to provide the theoretical formulation required to obtain numerical solutions through the finite element method
for the system that was explored in section 2. The Sobolev and Hilbert function spaces are the basis used to obtain the weak
formulation. The methods of space and time discretisations were investigated and also the time-stepping schemes. We present the
weak formulation with the corresponding finite element formulation through a fully implicit treatment by employing the extended
form of Newton’s method for vector valued functions.

Turing space for d , = 30 Turing space for d =30

L0 =z
L5
1
0
]
o 0os ol 015 0.z 025 0.3 05 o 0as .l 0.15 0.z 025 2.3 05
a a
(a) (b)
Turing space ford , = 40 Turing space for d =30
35
3
L 2
15
1
o5
o 0os ol 015 0.z 025 0.3 05 o 0as .l 0.15 0.z 025 2.3 05
a a
(c) (d)
Turing space ford , = 30 Turing space for d =40
35
3
L 2
15
1
0%
4 I
o oo ol 0.1 [ 1} 0325 0.3 035
a a
(e) (F)

Fig. 7: First row shows that the Turing space for both the bulk and the surface separately for parameter choices dr = 30
and da = 30 respectively. Second and third rows show that the Turing space in the bulk and on the surface separately with
different parameter choices (second row dr = 30 and da = 40) and (third row dr = 30 and da= 40)
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Turing space for d =30 and d, = 30 Turing space for d =30 and d, = 40 Turing space for d =40 and d, = 30

. " 1k
-39 oL s ’
0 . . . L L L L 1 . . . L L L L 0

d d d
Fig. 8: Sub-figure (a) shows that the Turing space for both the bulk and the surface (cream colour) is shown to exactly
coincide for parameter choices dr = 30 and da = 30. Sub-figure (b) shows that the Turing space on the surface (cream
colour) forms a proper subset of those derived for the bulk equations (union of cream and grey regions) when dr= 30 and
da = 40. Sub-figure (c) shows that the Turing space for equations on the surface (union of yellow and cream colour
regions) with dr = 40 produces larger region, which contains the spaces for the bulk equation with da = 30 as proper
subset, upon submerging

4.1 Weak formulation
In order to derive the weak formulation, we multiply (13) by a test function say ¢ € H*(2) for the bulk and i € H*(I") for the
surface and integrate over £ for the bulk and over I" for the surface written as:

du
E(pdﬂ—fAu(pd!Z=ynf[a2—u+u2v]god.(2,
0] ) )
av . )
%? d!)—fdnAv(p dn =yﬂj[b2—u v]p d2, in x (0,T]
n n n

or
fazpdf—lerrlpdf:yrf[az—r+r25—p3r+uu+62v]1,bd1",
r r r

ds
alp dl’—fdrApsw dar = ypf[bz —71%s — pus + pu + S;v] dr, onl x (0,T].
r r r

Using the Green’s formula for the second terms in the above with the boundary conditions (14), we obtain

du
E(pd!2+f|7u-|7<pd!2 =ynf[a2—u+u2v]<pd.(2
n n 0

+vr f (psr —puu — 6v) drl’,
r
v

at(pd.(2+dﬂf|7v-|7<pd.(2 =ynj[b2—u2v](pd.(2
n 0N 0

+yrf(p4s —pupu—83v)p dlf, in2x(0,T]
r
or .

f al,bdl"+f|7pr-l7p1/)d1" =ypj[a2—r+r S —=psr+pu+ S,vY dr,

r r r

ds
f El[) d1’+drfl7rs-l7r1/) dr =y,—f[b2—rzs—p4s+u1u+63v]1/) dr',onT x (0,T].
r r r

4.2 Spatial discretisation of the weak formulation

We discretise the original domain 2 and its boundary I' to obtain 2, and I;, where 2, c 2 and I, c I' with N, and N, the
number of vertices associated to their respective discretisation. Let V,,, and V., denote the finite element function spaces associated
to the discretised domains (2, and I, respectively. The finite element formulation is then to seek u,, v, € V,, and r,, s, € V.,
such that for t > 0 the equations

duy,
5z Pn dan, + f Vu,-Ve,d2, = Yo | [az —uy + upvyle, d2,
2n Op 2p
+  vr| (p3th — pup — 6vp) @y dly,
I'n
vy, .
f 5 Pn dn, +d, f Vv, Vo, d, = Yo | [bz —upvplen, d2,
()Y Qp 2p
+ Vr | (PaSh — uuy — G3vp) @y dly,

I'p
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an,
a_lph diy + | Vpry - Vppy dl, = YI’J- [a, — 1, + 1i7sp
I'p t I'p I'n

—p3Th + puy + Svp )P, di,

dasy
W’Ph drh+d1"f Ve sn - Vi thZYrJ- [by — 73t sp
'y I'p I'n
—PaSp + Uy + 830,y dlp,
are true for all test functions ¢, € V,, and ¥, € V., respectively. Let {<pl-}?'=”1 and {1/)1-}?':1 be the set of piecewise bilinear basis

functions. It is known that the spaces V,,, and V., are spanned by the basis functions {¢; ?’zﬂl and {wi}’ivjl respectively [36]. Thus,

up, Uy, M, and s, may be expanded in terms of linear combinations of its corresponding basis functions namely {go,'}?]:”l and
(1;}1,. Substituting the expressions u, = Y~2 U; @i, vy = S0 Vi @i, 1, = Y05 R, and s, = Yk, S; ; in the finite element

formulations leads to a system of differential equations written in matrix, notation as:

MOUI+YQM0U+A0U _]/_()Bo(U,V)U

=Yr(P3M 1oR — uMyoU — 6, My V) = y,a,Co,
MoV, + dpAgV+voBy, (U U)V

=Yr(PaM1oS — 11 MooU — §3MoV) = yb,Co,
MlRt + ]/['MlR + AlR _yFBl (R, S)R

+yr(psMy1R — uMy,U — 8,My, V) = yra,Cy,
M;S;+drA;S+yrB; (RR)S

+yr(paMi1S — py Mo, U — 65M, V) = yra,Cy,

Where the matrices with their corresponding entries are given by:

7 i Vpydn, Co= [ pyan,

Op

(My);; =f @; @;dQy, (Ao)ijzf
Op n

h

(BO(U'V))ij = (Ui(pi)(Vi(pi)(pi(pdeh' (Bo(U, U))ij = (Ui‘pi)(Ui(pi)‘pi(pjd-Qh'
2p Op
And the entries for M;, A;, B, (R, S) and C, are expressed in similar way to those expressed for matrices with subscript 0. The entries
of the matrices that are constructed from the combination of function spaces defined in the bulk and on the surface are defined by

(My0)ij = | Yig;dly, (Moy)ij = | @idly,
I'p I'n

(Moo)y = f 0i0,d5 M)y = | wiw;dn,
Fh Fh

Where M is the mass matrix and A is the stiffness matrix, B is the matrix corresponding to the non-linear terms and C is the column
vector.

4.3 Mesh generation (using deal.ll) [37]

The usual approach to discretising £ and I' is such that, £ is first discretised and denoted by ;. The union of those elements from
0, whose vertices lie on 02 is considered as the discretisation of I', which is denoted by I;,. Bulk is discretised by quadrilateral
elements each with uniform structure throughout ,,. Triangulation I}, is also a uniform set of 2-dimensional quadrilaterals
consisting of the external faces of all the bulk elements that have at least one vertex on I}.

4.4. Time discretisation

We discretise the time interval [0, T] into a finite number of uniform subintervals such that 0 = t, <t; - <t; = T. Let T be the
time steps and J be a fixed positive integer, then T = Jz. We denote the approximate solution at time t,, = the the nt by uj =
u,(.,t,) where n = 0,1, ---,J and similar for the other variables. A fully implicit Euler scheme is used to solve the system in time.

The fully implicit scheme is applied to the uniform time discretisation. We can obtain the fully discretised system as
Un _ Un—l
Mo————+¥aMoU"  +AqU" =y, Bo(U", V)U"

—¥r(p3sMoR™ — uMooU™ — 8, Moo V™) = yoa,Cy,
Vn _ Vn—l
Mof + d_Qonn +YQBo(Un, Un)VTl
—¥r(PaMyoS™ — 11 MooU™ — §3MooV™) = yob,Co,
Rn _ Rn—l
M; E— +yrM;R* +A;R" —y-B;(R",S")R"
+yr(p3sM R" — My U™ — 5,Mo, V™) = yra,Cy,
Sn _ Sn—l

M1 f + dpAlsn +)/1~Bl (Rn, R")S"
+Yr(PaMy1S™ — 1 Moy U™ — 63Mo V™) = yrb,Cy.
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Algebraic manipulation and rearrangement of each equation leads to writing the system in a different form which is

Where

F, (U™ V' R", S™)

F,(U™, V", R", S™)

F;(U™, V™, R, S™)

(
(
(

F,(U™ V™", R, S™)

F,(U", V", R%,S") =0,
F,(U" V", R%,S") =0,
F;(U", V%, R%,S") =0,
F,(U", V", R%,S") =0,

1 1
(T +7Ya Mo + A ) U™ —ypBo (U™, VU™ — yr(p3M1oR™ — uMooU™ — 6, MooV™) — yqa,Co — ;MoUn_l:
1 1
;Mo + dpA ) = YaBo (U™, UMV™ =y (p4M1oS™ — g MooU™ — 63MooV™) — Yo b, Co — ;Movn_l:
1 1
(T + Vr M, + A )Rn —¥rBi (R, SMR™ — yr(psMy1R™ — uMy; U™ — 8, M, V") — yra,Cq — ;M1Rn_1'

1
= (T M; + drA1> S™ —yrBi(R", RM)S™ — yr(paMy1S™ — uy Mo U™ — 63Mo V™) — yrb,Cq — ;M1Sn_1‘

In order to solve the system of non-linear equations, the employing the extended form of Newton’s method for vector valued

functions leads to write

I uy
]FL vl sT) (Wie41
Where the index 1 = 1,2,3,4 and
OF, (uj, vii, e, si)

n n
— U, Vi

n n n n n —_ n n n n
— Vi, Ter — T, Sk — S) = —F.(ug, v, 1, ),

n n n n n n n n n n n n
OF, (ug, v, 1y, si)  OF (ug, v, re,s)  OF (uy, vy, 1y, i)

ou} v} or} as}
OF; (u, vii, i, si) - OF (i, vie, 1, si) - OFy (U, vie, e, sie) - OF, (g, vie, 1y, sc)
ouy, ovy ory osy
v -
wpvpasty | OFs(ug, vie, 1, i) - OFs (uie, vie, 1, sie) - OFs(uy, vie, 1, si) - 9Fs (ug, vie, 1, si)
n n n n
Jduy, avy ory dsy
OF, (ug, vie, 1yt si) - OF, (uie, vie, 1i¢, si) - OF, (uie, vie, 1ye, i) - OF, (ui, vie, 1ie, Si)
n n n n
Jduy, avy ory dsy

and the entries of J are expressed by:

OF, (uj, vie, 1y¢, Sk)

n
ou}

OF, (uf, vi. 1, sP)

n
ovy,

OF, (uf, vi. 1, sP)

n
ory;

aFl (u;(LI VI?! r]‘?l SZ)

n
osy;

9F, (uy, v\, 1, si)

n
ou}}

OF, (ug, v/, ¢, sg)

n
ovy]

9F, (uy, v\, 1, si)

n
ory,

aFZ (u;(LI VI?! r]‘?l SZ)

n
osy

OF; (e, Vie, Te, Sk)

n
ouy}}

9F; (uy, v\, 1, si)

n
ovy]

OF; (ug, v, ¢, sg)

n
ory]

OF; (u, Vic, ', Sic)

n
osy;

aF‘l— (u;(lr VI?! rl?' SE)

n
ou}}

aF‘l— (u;(lr VI?! rl?' SE)

n
ovy]

aF‘l— (u;(lr VI?! rl?' SZ)

n
ory]

OF, (u, Vic, i, Sic)

n
osy;

1

= (; +va)Mo + Ag — 2y Bo(ug, vii) + YriMoo,
= —YaBo(u, ug) + yrd, Moo,
= —yrpsMy,
= 0,
= 2ypBo(ug, vi) + vriaMoo,

1 n n
= ;Mo + dgAo + voBo(uj, uy) + yrdsMoo,

:0,

—YrPaMo,

—YritMoy,

= —yr6, Moy,

(% +Yr)My + Ay — 2y By (¥, sk) + YrpsMyy,
= —yrBi (¢, 1Y),

= —YrisMo,

= —yr83Mo1,

= 2yrBy (v, s),

1
= ;M1 +drA; + yrBy (Y8, 18) + YrpaMy;y.
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Substituting (60) in (59) and simplifying, we obtain
(u+1) + [ Bo (uie, wi) 1 (Vi'+1)
=Yr[(P3sM10)Tis1 — (UMoo)Uis1 — (82Mo0)Vicss]

1
= =2y, Bo(uj, viuy +vpa,Co + ;Moun_l,

(ujs1) +[; My + dgAg + o Bo (ui, wi) ] (Vi 1)
—Yr[(PaM10)Sit+1 — (U Moo) W1 — (63Moo) Uk 4]
1
= 2y By (uj, u) vy + vob,Co + ;Movn_l'

(r¢+1) + [—vrB (¢, 1)1 (Ske1)
+¥r[(psMy)rees — (WMo )Wy — (62Mo1)Vigiq]

n-1

1
= =2yrB; (¢, si)ry +vraCq +;M1r )

1
(1) +[; My +drA; +yrBy (v, t)1(Ske+1)
+Yr[(PaM11)Sk 41 — (WMo W41 — (63Mo1)Victq]
1
= 2yrB; (¢, t¢)sk + vrbyCq + ;Mlsn_li

Which can be written in matrix form as
OF; (uy, vii, 1, ) OF (g, v, e, i) - OF (g, vie, o, s) - OF (g, vie, 1y, s)

ouy, ovy ory osy
an(“ﬁ’Vl?' I‘,?, slrcl) an(llZ, V;cl' I‘;?, S;cl) an(“’ﬁ’Vl?’ rI:l' Slrcl) an(llZ,V]?, I‘;?, Slrcl) u’,}H
ouj} v} or} asp /v,?ﬂ\
OF; (u, vii, i, si) - OFs(ui, vii, e, si) - OFs(ui, vie, i, sie) - OFs (uge, vie, 1, i) 1| Ty
oup vy or}: sy Sk+1
OF, (u, vii, 1, si) - OFs(ui, vii, 1, si) - OF,(ui, vie, ¢, sg) - OF, (ug, vie, 1, sc)
ouy, ovy ory osy

1
/—ZYnBo(uﬁ'Vl?)“z +v0a,Co + ;Mo“n_l\
1
2y B (uge, wp)vi + vob,Co + ;Movn_l I
1
=2yrBi (e, si)rg +vraCq + ;Mﬂ'n_l

1
2yrBy(xy, 1)si +yrbCq + ;M1Sn_1

5. NUMERICAL SOLUTION FOR COUPLED BULK-SURFACE REACTION-DIFFUSION EQUATIONS

In this section, we carry out the numerical simulations for the systems that were explored in section 2. We employ a fully implicit
time-stepping scheme based on the extended form of Newton’s method with the finite element formulation presented in section 4
to proceed with obtaining numerical approximate solutions both in space and in time. We perform the finite element simulations on
two types of bulk-surface domains. The first is a cuboid forming the bulk and its six quadrilateral faces forming the corresponding
surface. The second domain is a three dimensional ball forming the bulk and hollow sphere bounding the ball forming the
corresponding surface.

The finite element library deal.ii [37] is employed to simulate the numerical solutions of the coupled system of bulk-surface reaction-
diffusion equations (13) on both the cubic and spherical bulk-surface domains respectively. In all simulations for the coupled system
of bulk-surface reaction-diffusion equations (13) we use the values a, = 0.1 and b, = 0.9 for parameters in Schnakenberg reaction
kinetics. These values are chosen because they lie within a region in parameter spaces corresponding to Turing instability [12,20,34],

and therefore satisfies conditions (35)-(40). The other parameters are chosen as p; = %,p4 =3,u= %,yl =0,8, =0, and §5 = 3,

so that they all satisfy the parameter compatibility condition (30). We present simulations corresponding to two different cases
corresponding to different combinations between diffusion ratios namely d,, and d in the bulk and on the surface respectively. In
particular the four combinations of values chosen for the current simulations consist of (d,,, dr) = (30,30), (30,1). The theoretical
results proposed by Theorem 2.3 are verified numerically by observing that the numerical solution of the coupled system of bulk-
surface reaction-diffusion equations (13) induces that if the values of the diffusion ratios are chosen such that d, = 30 > 1 and
dr =30 > 1, then the finite element numerical solution of the coupled system of bulk-surface reaction-diffusion equations (13)
reveals pattern formation in the bulk, on the surface and on the layer of interface where the coupling terms interact through the
boundary conditions. It is therefore, when non-linear reaction kinetics are posed both in the bulk and on the surface, with parameter
compatibility conditions (30) satisfied and d,, d much larger than 1, that one may expect the numerical solutions of the coupled
system of bulk-surface reaction-diffusion equations (13) to form a spatial pattern everywhere. Figures 9 and 10 show results in
agreement with this prediction, which means that spatial pattern can be observed everywhere. Figures 12 and 13 reveal the case
where we choose d,, = 30 and d,. = 1 for which it was predicted through the results of stability analysis that the reaction kinetics
inside the bulk produces spatial pattern with a potential possibility that this pattern may emerge on the surface as well. It is therefore,
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if a spatial pattern emerges on the surface under this kind of parameter settings then it does not mean that surface reaction kinetics
with d = 1 is capable of evolving spatial pattern, in fact it only means that the emerge,nce of spatial pattern on the surface is a
consequence of the spatial pattern formed in the bulk and extends through the coupling conditions to appear on the surface.
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Fig. 9: Numerical solutions corresponding to the coupled system of BSRDEs given by (13) with de= 30 and dr= 30 and yo=
yr = 300. The rows correspond to variables u, v, r and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third and fourth columns show the bulk-

surface finite element numerical solutions at the final time step at time t = 10
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Fig. 10: Numerical solutions corresponding to the coupled system of BSRDES given by (13) with da = 30 and dr= 30 and
va=1r = 300. The rows correspond to variables u, v, r and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third and fourth columns show the bulk-
surface finite element numerical solutions at the final time step at time t = 10
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Fig. 11: Convergence history corresponding to the coupled system of BSRDEs given by (13) with dao = 30, dr = 30 and ya =
yr = 300 is shown in the L2 norm of the discrete time derivative. Sub-figure (a) shows the convergence history for the
equations in the bulk, whereas Sub-figure (b) shows the same for equations on the surface
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Fig. 12: Numerical solutions corresponding to the coupled system of BSRDEs given by (13) with dr =30 and de =1 and ya
=4t = 300. The rows correspond to variables u, v, r and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third and fourth columns show the bulk-

surface finite element numerical solutions at the final time step at time t = 10.
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Fig. 13: Numerical solutions corresponding to the coupled system of BSRDEs given by (13) with da = 30 and dr =1 and ya
=4r=300. The rows correspond to variables u, v, r and s respectively. The first two columns show the initial profile of
concentration with random perturbation near the uniform steady state. The third and fourth columns show the bulk-

surface finite element numerical solutions at the final time step at time t = 10.
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Fig. 14: Convergence history corresponding to the coupled system of BSRDEs given by (13) with da = 30,

dr=1and ya =yr =300 is shown in the L2 norm of the discrete time derivative. Sub-figure (a) shows the convergence
history for the equations in the bulk, whereas Sub-figure (b) shows the same for equations on the surface.

6. CONCLUSION

The bulk-surface reaction-diffusion system is explored through studying non-linear reaction kinetics with linear Robin-type
boundary conditions. For non-linear reaction kinetics are posed both in the bulk and on the surface, then with appropriate parameter
choices, such a system is able to give rise to pattern formation everywhere. Parameters can also be chosen for this system such that
pattern emerges in the bulk and extends to the surface, however, it forms no pattern on the internal boundary layer. It is worth noting
that the emergence of no pattern in the internal boundary layer is a consequence of parameter choice in the system and not the
exhaustive results associated with it. The weak formulation of coupled bulk-surface reaction-diffusion system was obtained to set-
up the premises for discretisation in space through employing the standard finite element method. The full coupled system of
BSRDEs was simulated using a fully implicit time-stepping scheme through the application of an extended form of Newton’s
method for vector valued functions. Using fully implicit time-stepping scheme, we numerically demonstrate that this system allows
patterns to emerge everywhere. The generality, robustness and applicability of the presented theoretical computational framework
for a coupled system of bulk-surface reaction-diffusion equations set premises to study experimentally driven models where
coupling of bulk and surface chemical species is prevalent. Examples of such applications include cell motility, pattern formation
in developmental biology, material science and cancer biology.
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