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ABSTRACT

We can derive from a polynomial identity, in turn, follows from the Fourier series expansion of sums of products of Bernoulli
functions. We consider three types of functions given by sums of products of higher— order Bernoulli functions and derive their
Fourier series expansions. Moreover, we express each of them in terms of Bernoulli functions.

Keywords— Fourier series, Sums of products of higher-order Bernoulli functions

1. INTRODUCTION
The three types of sums of products of higher — order Bernoulli functions in Fourier series expansions for them. Moreover, we will
express them in terms of Bernoulli functions.

Let r, s be positive integers.

D an@) = > BE (@) B () (m = 1)
k=0
S
2) bn() = D ey B DB () (m 2 )
k=0

m-1 1
) = ) s B GDBY () (m=22)
k=1

There are three types of Bernoulli functions.

Definition: Let r be a non-negative integer. Then the Bernoulli polynomials B,E” (x) of order r is given by the generating function

t r - tm
xt -
(et—1> €= ZB’“ (x)m!

m=0
When x =0, B,(,f) = B,(,f)(O) are called the Bernoulli numbers of order r.
In particular, B,,(x) = B,(nl) (x) are called the ordinary Bernoulli polynomials.

2. THE FUNCTION a,,({x))
Let,

() = D B (OB, (1) (m = 1)
k=0

We consider the function:
m

() = D B (OB, (1) (m 2 1) (L)
k=0
defined on R. Which is periodic with period 1.

The Fourier series of a,, ({x)) is:
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Z Aszm) g2minx (1.2)
n=—oo

Where
1
A = [ () e
0

1
= f a, (x) e 2mx gy, (1.3)
0

To proceed, observe the following:
m

th (x) =Z(k3<” WBY, ) + m - B () B, _, 0)

Zk BY ()BS, (%) + Z(m—l)B(T)( 1B, ()
k=1 k=0
(k +1)BP0BY ,_ (x) + Z(m k) B (x)BY),_, (x)

k=0

—(m+1) Z B® (x)BY . (x)

(1.4)
(m + Day (x)
From this, we obtain
U1 ()Y
(f2%) = eneo o)
and,
1 1
[ m @ = 5 @ (1) = a0, (16)
0
Form > 1, we set
. Ay = (1) — a,,(0)
_ Z(B,ET) @) B, (1) -B" BY,
m
- Z ((B& +k BI) (B + m —k)BS ) - BB,
m k=0
= > (an-0BBSTD, +kBIVBS  + k(m — )BITVBSTY,). (@7
k=0
Now, we have 18
(1) = ap(0) & A= 0 (18)
and
1
1.9
[an@ir= ——a (L9)
0
to determine the Fourier coefficients AS‘).
Case 1:
n+#0
We have,
1
AT = fam (x)e~2mnx gy
0
= _L [a, (x)e—zmnx]l + 1 far (x) e—Zm'nxdx
2min- ™ ° " omin) ™
0
1
1 m+1 .
= — p— (am(l) - (Xm(O)) + m J- Xp—1 (x)e—zmnxdx
0
_mAl oy L (1.10)

n m’

2min 2min

from which by induction on m,
Thus we show that,
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m
g _ 1 (m+2); (1.12)
m+ 2 4 4 (2min)) “MItE
J:

Case 2:
n=0.
We have,
(1.12)

Am+1

1
(m) _ —
Aom = Lam (x)dx—m—_l_z

a,((x)) (m = 1) is piecewise C*. Moreover, a,,({x)) is continuous for those integers m > s with A,,,= 0, and discontinuous with
jump discontinuous at integers for those integers m > s with A,,,# 0.

Assume first that A,,= 0, for an integer m.
Then a,,(0) = a,,(1).

Hence a,,, ({x)) is piecewiseC*, and continuous.

Thus the Fourier series of a,,, ({x)) converges uniformly to a,,({x)), and

(1)) = ——— A
oo m
z (m + 2)']' A . eZm‘nx
m+ 2 (Zm'n)l m-j+1
1 1 m+ 2 g2minx
=—A0py + ( : ) Am—j+1 x| —J I
m+ 2 m+ 2 = j (27rm) (1.13)
1 m+ 2
= A+ — Z( ) A B (@)
Bl((x» forx € Z,
X A X {O, forx € Z.
Theorem 2.1
For each positive integer I,
We let,
l
A = Z (0=10BY BED, +kBILP B, + k (1= B VBEY) . B, G, .. G,
k=0
Assume that A,,,= 0, for a positive integer m.
Then we have the following:
a)
m
> BT ()BY, ()
k=0
has the Fourier series expansion
m
> BT ()BY, ()
k=0
T m + 2
N (m + 2)]- 2minx
+ Wy T m+ 2 (Zm'n)j Bm-ju |€ (1.14)
n+0
for all x € R, where the convergence is uniform.
b)
ZB“ COLIMECY
m+ 2 (1.15)
=4 Z( ) By By
J=0,
j#1
forall x € R.
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Assume that A,,# 0, for a positive integer m.
Then a,,(0) # a,,(1). Hence, a,,,((x)) is piecewise C*, and discontinuous with jump discontinuities at integers.

The Fourier series of a,,, ({x)) converges point wise to a,, ({x)), forx & Z, and converges to

% (am (0) + an (1)) = ay(0) +% A, (1.16)
for x €Z.

3. CONCLUSION

We considered the Fourier series expansion of the sum and products of Bernoulli functions of «,,,(x). We obtain the extending by
periodicity of period the Bernoulli polynomials on [0, 1]. The Fourier series are explicitly determined.
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