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ABSTRACT 
 

We can derive from a polynomial identity, in turn, follows from the Fourier series expansion of sums of products of Bernoulli 

functions. We consider three types of functions given by sums of products of higher– order Bernoulli functions and derive their 

Fourier series expansions. Moreover, we express each of them in terms of Bernoulli functions. 

 

Keywords— Fourier series, Sums of products of higher-order Bernoulli functions 

1. INTRODUCTION 
The three types of sums of products of higher – order Bernoulli functions in Fourier series expansions for them. Moreover, we will 

express them in terms of Bernoulli functions. 

 

Let r, s be positive integers. 

1) 𝛼𝑚(〈𝑥〉) =  ∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(〈𝑥〉) 𝐵𝑚−𝑘
(𝑠) (〈𝑥〉)  (𝑚 ≥ 1) 

2) 𝛽𝑚(〈𝑥〉) =  ∑
1

𝑘! (𝑚 − 𝑘)!

𝑚

𝑘=0

 𝐵𝑘
(𝑟)(〈𝑥〉)𝐵𝑚−𝑘

(𝑠) (〈𝑥〉)  (𝑚 ≥ 1) 

      3) 𝛾𝑚(〈𝑥〉) = ∑
1

𝑘(𝑚 − 𝑘)

𝑚−1

𝑘=1

 𝐵𝑘
(𝑟)(〈𝑥〉)𝐵𝑚−𝑘

(𝑠) (〈𝑥〉)    (𝑚 ≥ 2) 

There are three types of Bernoulli functions.            

 

Definition: Let r be a non-negative integer. Then the Bernoulli polynomials 𝐵𝑛
(𝑟)

(𝑥) of order r is given by the generating function    

(
𝑡

𝑒𝑡 − 1
)

𝑟

𝑒𝑥𝑡 = ∑ 𝐵𝑚
(𝑟)

 (𝑥)

∞

𝑚=0

𝑡𝑚

𝑚!
 

When x = 0, 𝐵𝑚
(𝑟)

= 𝐵𝑚
(𝑟)

(0) are called the Bernoulli numbers of order r.  

In particular, 𝐵𝑚(𝑥) = 𝐵𝑚
(1)

(𝑥) are called the ordinary Bernoulli polynomials.  

 

2. THE FUNCTION 𝜶𝒎(〈𝒙〉) 

Let,  

𝛼𝑚(〈𝑥〉) =  ∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(𝑥)𝐵𝑚−𝑘
(𝑠)

 (𝑥) (𝑚 ≥ 1)   

 We consider the function: 

𝛼𝑚(〈𝑥〉) =  ∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(𝑥)𝐵𝑚−𝑘
(𝑠)

 (𝑥) (𝑚 ≥ 1)  

defined on ℝ. Which is periodic with period 1. 

 

The Fourier series of 𝛼𝑚(〈𝑥〉) is: 

(1.1) 
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∑ 𝐴𝑛
(𝑚)

∞

𝑛=−∞

 𝑒2𝜋𝑖𝑛𝑥 

Where  

𝐴𝑛
(𝑚)

= ∫ 𝛼𝑚

1

0

(〈𝑥〉) 𝑒−2𝜋𝑖𝑛𝑥𝑑𝑥            

        =  ∫ 𝛼𝑚

1

0

(𝑥) 𝑒−2𝜋𝑖𝑛𝑥𝑑𝑥.                 

To proceed, observe the following:  

        𝛼𝑚
′ (𝑥)    = ∑ (𝑘𝐵𝑘−1

(𝑟)
 (𝑥)𝐵𝑚−𝑘

(𝑠)
 (𝑥) + (𝑚 − 𝑘)𝐵𝑘

(𝑟)
 (𝑥) 𝐵𝑚−𝑘−1

(𝑠)
 (𝑥))

𝑚

𝑘=0

      

= ∑ 𝑘

𝑚

𝑘=1

𝐵𝑘−1
(𝑟) (𝑥)𝐵𝑚−𝑘

(𝑠) (𝑥) + ∑ (𝑚 − 1)

𝑚−1

𝑘=0

𝐵𝑘
(𝑟)(𝑥)𝐵𝑚−𝑘−1

(𝑠) (𝑥) 

            = ∑ (𝑘 + 1)

𝑚−1

𝑘=0

𝐵𝑘
(𝑟)(𝑥)𝐵𝑚−1−𝑘

(𝑠) (𝑥) + ∑ (𝑚 − 𝑘)

𝑚−1

𝑘=0

𝐵𝑘
(𝑟)(𝑥)𝐵𝑚−1−𝑘

(𝑠) (𝑥) 

 = (𝑚 + 1) ∑ 𝐵𝑘
(𝑟)

𝑚−1

𝑘=0

(𝑥)𝐵𝑚−1−𝑘
(𝑠) (𝑥) 

= (𝑚 + 1)𝛼𝑚(𝑥) 

From this, we obtain  

(
𝛼𝑚+1(𝑥)

𝑚 + 2
)

′

= 𝛼𝑚(𝑥)  

and,  

∫ 𝛼𝑚

1

0

(𝑥)𝑑𝑥 =
1

𝑚 + 2
(𝛼𝑚+1 (1) − 𝛼𝑚+1(0)). 

For 𝑚 ≥ 1, we set  

        ∆𝑚 = 𝛼𝑚(1) − 𝛼𝑚(0) 

= ∑(𝐵𝑘
(𝑟)

 (1) 𝐵𝑚−𝑘
(𝑠)

 (1) − 𝐵𝑘
(𝑟)

 𝐵𝑚−𝑘
(𝑠)

)

𝑚

𝑘=0

 

             = ∑ ((𝐵𝑘
(𝑟)

+ 𝑘 𝐵𝑘−1
(𝑟−1)

)(𝐵𝑚−𝑘
(𝑠)

+ (𝑚 − 𝑘)𝐵𝑚−𝑘−1
(𝑠−1)

) − 𝐵𝑘
(𝑟)

𝐵𝑚−𝑘
(𝑠)

)

𝑚

𝑘=0

 

= ∑ ((𝑚 − 𝑘)𝐵𝑘
(𝑟)

𝐵𝑚−𝑘−1
(𝑠−1)

+ 𝑘𝐵𝑘−1
(𝑟−1)

𝐵𝑚−𝑘
(𝑠)

+ 𝑘(𝑚 − 𝑘)𝐵𝑘−1
(𝑟−1)

𝐵𝑚−𝑘−1
(𝑠−1)

) .

𝑚

𝑘=0

 

 

Now, we have  

𝛼𝑚(1) = 𝛼𝑚(0) ⇔ ∆𝑚= 0 
and 

   ∫ 𝛼𝑚

1

0

(𝑥)𝑑𝑥 =  
1

𝑚 + 2
 ∆𝑚−1 

to determine the Fourier coefficients 𝐴𝑛
(𝑛)

. 
Case 1:  

𝑛 ≠ 0 
We have, 

𝐴𝑛
(𝑚)

= ∫ 𝛼𝑚

1

0

(𝑥)𝑒−2𝜋𝑖𝑛𝑥𝑑𝑥 

= −
1

2𝜋𝑖𝑛
[𝛼𝑚(𝑥)𝑒−2𝜋𝑖𝑛𝑥]0

1 +
1

2𝜋𝑖𝑛
∫ 𝛼𝑚

′ (𝑥)

1

0

𝑒−2𝜋𝑖𝑛𝑥𝑑𝑥 

= −
1

2𝜋𝑖𝑛
(𝛼𝑚(1) − 𝛼𝑚(0)) +

𝑚 + 1

2𝜋𝑖𝑛
 ∫ 𝛼𝑚−1

1

0

(𝑥)𝑒−2𝜋𝑖𝑛𝑥𝑑𝑥 

     

=
𝑚 + 1

2𝜋𝑖𝑛
𝐴𝑛

(𝑚−1)
−

1

2𝜋𝑖𝑛
∆𝑚,  

from which by induction on m,  

 

Thus we show that, 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

(1.10) 
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𝐴𝑛
(𝑚)

= −
1

𝑚 + 2
 ∑

(𝑚 + 2)𝑗

(2𝜋𝑖𝑛)𝑗

𝑚

𝑗=1

 ∆𝑚−𝑗+1 

Case 2:  

n = 0. 

We have,  

𝐴0
(𝑚)

=  ∫ 𝛼𝑚

1

0

(𝑥)𝑑𝑥 =
1

𝑚 + 2
 ∆𝑚+1 

 

𝛼𝑚(〈𝑥〉) (𝑚 ≥ 1) is piecewise 𝐶∞. Moreover, 𝛼𝑚(〈𝑥〉) is continuous for those integers m > s with ∆𝑚= 0, and discontinuous with 

jump discontinuous at integers for those integers m > s with ∆𝑚≠ 0.  
 

Assume first that ∆𝑚= 0, for an integer m.  

Then 𝛼𝑚(0) = 𝛼𝑚(1).  

 

Hence 𝛼𝑚(〈𝑥〉) is piecewise𝐶∞, and continuous. 

 

Thus the Fourier series of 𝛼𝑚(〈𝑥〉) converges uniformly to 𝛼𝑚(〈𝑥〉), and  

𝛼𝑚(〈𝑥〉) =
1

𝑚 + 2
 ∆𝑚+1 

                       + ∑ (−
1

𝑚 + 2
 ∑

(𝑚 + 2)𝑗

(2𝜋𝑖𝑛)𝑗
 ∆𝑚−𝑗+1

𝑚

𝑗=1

)

∞

𝑛=−∞,
𝑛≠0

 𝑒2𝜋𝑖𝑛𝑥  

=
1

𝑚 + 2
 ∆𝑚+1 +

1

𝑚 + 2
 ∑ (

𝑚 + 2

𝑗
)

𝑚

𝑗=1

 ∆𝑚−𝑗+1 × (−𝑗!  ∑
𝑒2𝜋𝑖𝑛𝑥

(2𝜋𝑖𝑛)𝑗

∞

𝑛=−∞,
𝑛≠0

) 

=
1

𝑚 + 2
 ∆𝑚+1 + 

1

𝑚 + 2
 ∑ (

𝑚 + 2

𝑗
)

𝑚

𝑗=2

 ∆𝑚−𝑗+1 𝐵𝑗(〈𝑥〉) 

×  ∆𝑚 ×  {
𝐵1(〈𝑥〉),        𝑓𝑜𝑟 𝑥 ∉  ℤ,
0,                  𝑓𝑜𝑟 𝑥 ∈  ℤ.

     

Theorem 2.1 

For each positive integer l,  

We let, 

∆𝑙  =  ∑ ((𝑙 − 𝑘)𝐵𝑘
(𝑟)

 𝐵𝑙−𝑘−1
(𝑠−1)

+ 𝑘𝐵𝑘−1
(𝑟−1)

 𝐵𝑙−𝑘
(𝑠)

+ 𝑘 (𝑙 − 𝑘)𝐵𝑘−1
(𝑟−1)

𝐵𝑙−𝑘−1
(𝑠−1)

)

𝑙

𝑘=0

… 𝐵𝑐𝑟
𝐺𝑗1

… 𝐺𝑗𝑠
. 

Assume that ∆𝑚= 0, for a positive integer m.  

 

Then we have the following: 

a) 

∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(〈𝑥〉)𝐵𝑚−𝑘
(𝑠)

 (〈𝑥〉) 

has the Fourier series expansion  

∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(〈𝑥〉)𝐵𝑚−𝑘
(𝑠)

 (〈𝑥〉) 

                 =
1

𝑚 + 2
 ∆𝑚−1 

                       + ∑ (−
1

𝑚 + 2
 ∑

(𝑚 + 2)𝑗

(2𝜋𝑖𝑛)𝑗

𝑚

𝑗=1

 ∆𝑚−𝑗+1)

∞

𝑛=−∞,
𝑛≠0

𝑒2𝜋𝑖𝑛𝑥 

for all 𝑥 ∈ ℝ, where the convergence is uniform.   

 

b) 

∑ 𝐵𝑘
(𝑟)

𝑚

𝑘=0

(〈𝑥〉)𝐵𝑚−𝑘
(𝑠)

 (〈𝑥〉) 

= +
1

𝑚 + 2
 ∑ (

𝑚 + 2

𝑗
)

𝑚

𝑗=0,
𝑗≠1

∆𝑚−𝑗+1 𝐵𝑗(〈𝑥〉)  

for all 𝑥 ∈ ℝ. 
 

(1.11) 

(1.12) 

(1.13) 

(1.14) 

(1.15) 
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Assume that ∆𝑚≠ 0, for a positive integer m. 

Then 𝛼𝑚(0) ≠ 𝛼𝑚(1). Hence, 𝛼𝑚(〈𝑥〉) is piecewise 𝐶∞, and discontinuous with jump discontinuities at integers.  

 

The Fourier series of 𝛼𝑚(〈𝑥〉) converges point wise to 𝛼𝑚 (〈𝑥〉), for 𝑥 ∉ ℤ, and converges to  
1

2
 (𝛼𝑚 (0) + 𝛼𝑚 (1)) =  𝛼𝑚(0) +

1

2
 ∆𝑚 

for 𝑥 ∈ ℤ. 
 

3. CONCLUSION  
We considered the Fourier series expansion of the sum and products of Bernoulli functions of 𝛼𝑚(𝑥). We obtain the extending by 

periodicity of period the Bernoulli polynomials on [0, 1]. The Fourier series are explicitly determined. 
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