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ABSTRACT 
 

In this paper, we defined exponential stability for nonlinear time-delay systems with delayed impulses. We derive the 

Lyapunov-based sufficient conditions for exponential stability. We show that the nonlinear impulsive time-delay system 

without impulse input delays is exponentially stable under the conditions. It is shown that the stable nonlinear impulsive time-

delay system. It is a magnitude of the delayed impulses is sufficiently small, under the same conditions. The delayed impulses 

do not destroy the stability of the sizes of the impulse input delays. 
 

Keywords— Impulsive systems, Delayed impulses, Exponential stability 

1. INTRODUCTION 
The impulsive systems are dynamical systems that are typically described by ordinary differential equations with instantaneous 

state jumps. An impulsive system has important applications in various fields, communication constraints. The impulsive control 

based on impulsive systems. We can provide an efficient way to deal with plants cannot endure continuous control inputs. 

 

Assumption: 1 

The delay 𝑑(𝑡) is time-varying satisfies: 

‘𝑑1 ≤ 𝑑(𝑡) ≤ 𝑑2;   𝑑(𝑡) ≤ 𝜇 

Where 0 ≤ 𝑑1 < 𝑑2 and 𝜇 > 0 are known constants. 
 

Assumption: 2 

The activation function 𝑔𝑖(.), (1 = 1,2, … , 𝑛) satisfies  

𝜎𝑖
− ≤

𝑔𝑖(𝑆1) − 𝑔𝑖(𝑆2)

𝑆1 − 𝑆2

≤ 𝜎𝑖
+ 

For any 𝑆1, 𝑆2 ∈ 𝑅, 𝑆1 ≠ 𝑆2. 

Where 𝜎𝑖
− and 𝜎𝑖

+ are known constants. 

Moreover, we assume that the initial condition of the system (1) has the form 

𝑢(𝑡) = 𝜑(𝑡), 𝑡 ∈ [−𝑑2, 0] 
Where function 𝜑(𝑡) is continuous. 

 

Then, by using the well-known Brouwers fixed-point of the transformed system and 𝑢∗ is an equilibrium point of a system (1). For 

the sake of simplicity in the exponential stability of the system. We make the transformation 𝑥(. ) = 𝑢(. ) − 𝑢∗then we have 

𝑥(𝑡) = −𝐴𝑥(𝑡) + 𝐵𝑓(𝑥(𝑡)) + 𝐶𝑓 (𝑥(𝑡 − 𝑑(𝑡))) 

 

Where 𝑥(𝑡) = [𝑥1(𝑡), … , 𝑥𝑛(𝑡)] ∈ 𝑅𝑛the state vector of is transformed system and 𝑢∗ is an equilibrium point of system. Note that               

𝑓𝑗(𝑥𝑗(𝑡)) = 𝑔𝑗(𝑥𝑗(𝑡) + 𝑢𝑗
∗) − 𝑔𝑗(𝑢𝑗

∗) 

with  𝑓𝑗(0) = 0, (𝑗 = 1,2, … 𝑛). 

 

From condition, 𝑓𝑗(. ) satisfies the following condition: 

𝜎𝑗
− ≤

𝑓𝑗(𝑠)

𝑠
≤ 𝜎𝑗

+∀𝑠 ∈ 𝑅, 𝑓𝑗(0) = 0 

It is obvious that the equilibrium point of the system is exponential stable if and only if the zero solution of the system is 

exponential stable. 

(1.1) 

(1.2) 

(1.3) 
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Definition  

The equilibrium point of the system is said to be exponentially stable if there exist positive scalars 𝑐 and 𝑘 such that 

‖𝑢(𝑡) − 𝑢∗‖ ≤ 𝑐‖𝜙(𝜃) − 𝑢∗‖𝑒−𝑘𝑡 

Furthermore, 𝑘 is called the exponential convergence rate. 

 

Definition  

For a given impulsive time sequence {𝑡𝑘}, the trivial solution of system is said to be Exponentially Stable (ES) if there exist 

positive scalars 𝜌0, 𝑀, and 𝜆 such that  
‖𝜙‖𝜏 < 𝜌0. 

 

Lemma 
Consider the system  

�̇�(𝑡) = 𝑓(𝑡, 𝑥0), 𝑡 > 𝑡0, 𝑡 ≠ 𝑡𝑘, 

Satisfying (𝐴1)-(𝐴2) Assume that {𝑡𝑘} ∈ 𝑠𝑚𝑖𝑛(𝛽0) and (𝑙0 − 1)𝛽0 < 𝑑 ≤ 𝑙0𝛽0 for some positive integer 𝑙0.  
Let 𝜚 = (1 + ℎ)𝑙0𝑒𝑘1𝑑.  

Then for any 𝜙 ∈ 𝑃𝐶 ([– 𝜏, 0], ℬ(
𝑝

𝜚⁄ )),  |𝑋(𝑡, 𝑡0, 𝜙| ≤ 𝜚‖𝜙‖𝜏,    𝑡 ∈ [𝑡0 − 𝜏, 𝑡0 + 𝑑]. 

 

Proof  

Set𝑋(𝑡) = 𝑋(𝑡, 𝑡0, 𝜙). 

Since (𝑙0 − 1)𝛽0 < 𝑑 ≤ 𝑙0𝛽0, the maximum number of impulse times on the interval (𝑡0, 𝑡0 + 𝑑] is𝑙0.  

We assume that the impulsive instants on (𝑡0, 𝑡0 + 𝑑] are  𝑡𝑖 , 𝑖 = 1,2, … , 𝑚, 𝑚 ≤ 𝑙0.  
Note that |𝑥(𝑡0)| = |𝜙(0)| < 𝜌. 
 

By the continuity of  𝑥(𝑡) on [𝑡0, 𝑡1) , for small enough 𝜉 > 0.  
We have |𝑥(𝑡)| < 𝜌 for 𝑡 ∈ [𝑡0 − 𝜏, 𝑡0 + 𝜉).we assert that |𝑥(𝑡)| < 𝜌  for[𝑡0 − 𝜏, 𝑡1).  

 

Otherwise, there exists 𝑡1
∗ ∈ (𝑡0, 𝑡1) such that |𝑥(𝑡)| < 𝜌   for 𝑡 ∈ [𝑡0 − 𝜏, 𝑡1

∗) and |𝑥(𝑡1
∗)| = 𝜌. 

For 𝑡 ∈ [𝑡0, 𝑡1
∗] and 𝜃 ∈ [−𝜏, 0]. when 𝑡 + 𝜃 ≤ 𝑡0. 

We have  

|𝑥(𝑡 + 𝜃)| ≤ ‖𝜙‖𝜏 

When 𝑡 + 𝜃 > 𝑡0,  
By  

�̇�(𝑡) = 𝑓(𝑡, 𝑥0), 𝑡 > 𝑡0, 𝑡 ≠ 𝑡𝑘, 

And using (𝐴4), we get  

|𝑥(𝑡 + 𝜃)| = |𝑋(𝑡0) + ∫ 𝑓(𝑠, 𝑋𝑠)

𝑡+𝜃

𝑡0

| ≤ ‖𝜙‖𝜏 + ∫ 𝐾1‖𝑋𝑠‖𝜏𝑑𝑠

𝑡

𝑡0

 

It follows that,  

‖𝑋𝑡‖𝜏 ≤ ‖𝜙‖𝜏 + ∫ 𝐾1‖𝑋𝑠‖𝜏𝑑𝑠        𝑓𝑜𝑟 𝑡 ∈ [𝑡0, 𝑡1
∗]

𝑡

𝑡0

. 

Applying the Gronwall inequality gives  

        

‖𝑋𝑡‖𝜏 ≤ ‖𝜙‖𝜏𝑒𝐾1(𝑡−𝑡0), 𝑡 ∈ [𝑡0, 𝑡1
∗],  

This implies   

|𝑋(𝑡1
∗)| ≤ (

𝜌
𝜚⁄ )𝑒𝐾1𝑑 < 𝜌 

This is a contradiction. 

Thus |𝑋(𝑡)| < 𝜌 for 𝑡 ∈ [𝑡0 − 𝜏, 𝑡1). 

 

We have,  

‖𝑋𝑡‖𝜏 ≤ ‖𝜙‖𝜏𝑒𝐾1(𝑡−𝑡0)   𝑡 ∈ [𝑡0, 𝑡1). 
By 

 𝑋(𝑡) = 𝑔𝑘(𝑋(𝑡−)), 𝑋((𝑡 − 𝑑𝑘)−),   𝑡 = 𝑡𝑘, 𝑘 ∈ ℕ 

And using (𝐴5),  

We get   

|𝑋(𝑡1)| ≤ (1 + ℎ̅)‖𝜙‖𝜏𝑒𝐾1(𝑡1−𝑡0). 
Hence  

|𝑋(𝑡)| ≤ (1 + ℎ̅)‖𝜙‖𝜏𝑒𝐾1(𝑡1−𝑡0),    𝑡 ∈ [𝑡0, 𝑡1]. 
 

Repeating the above argument gives that for 𝑡 ∈ [𝑡0, 𝑡𝑚], 

|𝑋(𝑡)| ≤ (1 + ℎ̅)
𝑚

‖𝜙‖𝜏𝑒𝐾1(𝑡1−𝑡0) ≤ (1 + ℎ̅)
𝑙0‖𝜙‖𝜏𝑒𝐾1(𝑡1−𝑡0). 

 

Since there are no impulses on (𝑡𝑚, 𝑡0 + 𝑑], 
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We obtain,  

|𝑋(𝑡)| ≤ (1 + ℎ̅)
𝑙0‖𝜙‖𝜏𝑒𝐾1(𝑡−𝑡0) ≤ (1 + ℎ̅)

𝑙0
𝑒𝐾1𝑑‖𝜙‖𝜏 , 𝑓𝑜𝑟 𝑡 ∈ [𝑡0 − 𝜏, 𝑡0 + 𝑑]. 

Hence the proof 

 

2. CONCLUSION  
In this paper, we defined the exponential stability and exponential stability of impulsive time-delay systems. We show that the 

exponential stability of impulsive time-delay systems. We magnitude of the delayed impulses is sufficiently small and the impulse 

input delays are bounded. For the sake of simplicity in the exponential stability of the system 
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