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ABSTRACT 
 

The aim of this paper is to investigate an extension of generalized hypergeometric function rFs with r numerator and s 

denominator parameters with help of ultra gamma function. Some Recurrence relation of the Pochhammer symbol of Ultra 

Gamma Function is investigated. Certain particular cases of the derived results are considered and indicated to further reduce to 

some known results. Finally, we present a systematic study of the various fundamental properties of the class of hypergeometric 

functions introduced here. 
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1. INTRODUCTION 
The Four Parameter Gamma Function is defined by [14] in the form,  
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Where, {0},,,;/   RbaZCx   and NnnxRe  0,>)(  .  

The p - k Gamma Function (i.e. Two Parameter Gamma Function), )(xkp  is given by [16], For {0},;/   RpkkZCx  

and ,0,>)( NnxRe  is:  
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And the integral representation of p - k Gamma Function is given by  
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The classical Pochhammer symbol v)( ),( Cv  is defined in terms of the gamma function, by  
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The Bessel function is given by [19],  
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where .I  If  is a negative integer, then  
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The K-Bessel function is given by [15,17,18]  
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where 
Rk , I  and .> k   

If   is a negative integer, then  
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where 
Rk , I  and .> k   

Some Recurrence formulas of Pochhammer symbol of Ultra Gamma Function given by ([14] In Theorem 2.1,2.4 and 3.1.) 

If 
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If 
 zC  \ ; {0},,,,  Rcbk  , )( nRe   0> , and Nn , then 
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2. A POCHHAMMER SYMBOL OF ULTRA GAMMA FUNCTION 

The Pochhammer symbol of Ultra Gamma function 
b

n

a x ,, )( 
  is defined by us as,  
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Theorem 1: Let, 0, Nnm   , {0},,,  Rcb . Then  
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Proof: From definition (13), 
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and using (5), we have  
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Corollary 1: Let, 
 ZC  \ , {0},,,  Rcb  and .NT   Then, 
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Some Recurrence formulas of Pochhammer symbol of Ultra Gamma Function 

If 
 zC  \ ; {0},,,  Rcb , )( nRe   0> , Nn  and N




, then Using ([14] Theorem 3.1) we get, 
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If 
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3. EXTENSION AND GENERALIZATION OF THE HYPERGEOMETRIC FUNCTION 

In terms of Ultra Gamma function, an extension of the generalized hypergeometric function sr F  of r numerator parameters 

raa ,,1   and s denominator parameters sdd ,,1   can now be given as follows: 
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provided that the series on the right hand side converges, 
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0=1,2, , ; = 0, 1, 2,s s Z      

In particular, the corresponding extensions of the confluent hypergeometric function 11 F  and the Gauss hypergeometric function 

12 F  are given by  
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If we put 1a = 3a , 1  = 3 , 1b  = 3b , 
1  = 3 , 1c  = 3c  and 
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Theorem 2: The integral representation is given by,  
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Proof: Using definition (13) and (1), we immedeted get desired result (36). 

 

Theorem 3: The integral representation is given by,  
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 Proof: By using definition of ultra gamma function and hypergeometric function  
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Hence Proved. 

 

Theorem 4: The following derivative formula holds true: 
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Proof: This result is obviously valid in the trivial case when 0=m . For 1,=m  by using the series representation (32) of sr F ,  
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The general result (38) can now be easily derived by using the principle of mathematical induction on 0Nm . 

We state the following results without proof. Each of these result would follow readily from the corresponding known result 

involving the generalized hypergeometric functions, which are asserted by Theorems 2. 

 

Corollary 2: Each of the following integral representations holds true: 
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Provided that the integrals involved are convergent. 

 

Theorem 5: Each of the following integral representations holds true:  
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Proof: The Hypergeometric function 11 F  is given as, 
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(39) 
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Hence Proved.  

 

SPECIAL CASES 

Case I: If we put k=1 in equation (38) and (39) respectively, then we get known result of ([11] remark 2 equation 27, page number 

488).  
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This is new result.  

 

4. FAMILIES OF GENERALIZED HYPERGEOMETRIC GENERATING FUNCTIONS 

In order to derive several families of generaized hypergeometric generating functions, we find it to be convenient to abbreviate by 

),( n the following array of T parameters: ,
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Theorem 6: The following generating function holds true:  
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Proof: The derivation of the generating function (45) is based upon the definition (32) and the following elementary identity:  
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The details involved are being omitted here. 

 

Remark 3: Whenever any of the numerator parameters raaa ,,, 32   is a nonpositive integer the series in the definition (29) 

would terminate and define a generalized hypergeometric polynomial. Theorem 7 below provides a general family of generating 

functions for such classes of hypergeometric polynomials. 
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Theorem 7: Each of the following generating functions holds true:  
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Proof: The proof of Theorem 7 is much akin to that of Theorem 6. 

Finally, we choose to state the simplest consequences of the generating functions (45) and (47) when T=1 as Corollary 6 below. 

 

Corollary 6: Each of the following generating functions holds true:  
, , , , , ,

1 1 1 1 2 2 2 2
1 2

1

=0 , ,, , , ,
1 1 1 1 2 2 2 2

1 2

, ( ) , ( ) , , ( ) ;
( )

!
( ) , ( ) , , ( ) ;

b c b c b c
r r r r

r

nn
r s

n f gf g f g
s s s s

s

n a a a

F Z t
n

d d d

     

    






 
 

  
 
 


 

 
, , , , , ,

1 1 1 1 2 2 2 2
1 2

1

, ,, , , ,
1 1 1 1 2 2 2 2

1 2

, ( ) , ( ) , , ( ) ;

= (1 ) .
1

( ) , ( ) , , ( ) ;

b c b c b c
r r r r

r

r s

f gf g f g
s s s s

s

a a a

z
t F

t

d d d

     



    







 
 
  
 
 
  

 

).1;<||( Ct   

(47) 

(48) 

(49) 
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Finally, since 
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A limit case of the generating function(48) when t is replaced by 


t
 and ||  yields the following exponential generating 

function:  
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