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ABSTRACT

The aim of this paper is to investigate an extension of generalized hypergeometric function rFs with r numerator and s
denominator parameters with help of ultra gamma function. Some Recurrence relation of the Pochhammer symbol of Ultra
Gamma Function is investigated. Certain particular cases of the derived results are considered and indicated to further reduce to
some known results. Finally, we present a systematic study of the various fundamental properties of the class of hypergeometric
functions introduced here.

Keywords— Four-Parameter gamma function, Ultra gamma function, Two-parameter gamma function, Two Parameter
Pochhammer symbol, Gauss hypergeometric function, Generalized hypergeometric function, Hypergeometric generating functions,
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1.INTRODUCTION
The Four Parameter Gamma Function is defined by [14] in the form,
9 P
salos () =T(5,3p,0) ) = [ e = Pt ()
Where, X C/0Z"; 0, p,a,be R" —{0} and Re(x—pn)>0,neN.
The p - k Gamma Function (i.e. Two Parameter Gamma Function), T (X) is given by [16], For x € C/KZ™;k, pe R" —{0}

and Re(xX) >0,ne N, is:

1. nip™i(np)*

L(X)==lim 2
T T (0 @
or,
L np™ip)
[,(X)==lim————. @)
P ke (0
And the integral representation of p - k Gamma Function is given by
¢k
L0 = ['e Pridt. @)
The classical Pochhammer symbol (1), (4,v €C) is defined in terms of the gamma function, by
_Tr(a+v) _[1 (v=0;1eC\{0})
Dy =— "= _ : : ®)
r()  |[A(A+1)...(A4+(n-1)(v=neN;1eC),
The Bessel function is given by [19],
Z\on+y
o ()
(6)

J”(Z):n; T(n+v+1)(n)’
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where v € l. If v isanegative integer, then

y )
1,(2)=(-1)"3,(2).
The K-Bessel function is given by [15,17,18]
Z 2n+( )
- (D' )
J¥(2)=
(2 Zr (nk+v+k)(n|) ®)
where ke R", vel and v>—Kk.
If v isanegative integer, then
0 2 20-()
= (-1) (f) “
J°(z
R Moy v+k)(n') &
where KeR", vel and v >—k.
Some Recurrence formulas of Pochhammer symbol of Ultra Gamma Function given by ([14] In Theorem 2.1,2.4 and 3.1.)
If AeC\&™; 8,k, p,b,ce R —{0} Re(1—pn) >0,neN and geN then
A
S A
b°T' (%) p
. A—ro6—-0 1 bp %
i r,bi-p,c)(A+ms)=—9  FE—2=2 ——=(5)].
() @bimp.0)2eme) = —20 LRI, i G0 (10)
If AeC\oz™; 0,k, p,b,ceR"—{0}, Re(1—,0n) >0,and ne N, then
(i @B pON = TG0, +8)~L (5.0 9,0 )
c (11)
If AeC\oz™; 0,p,b,ceR"—{0}, Re(1— pn) >O and ne N, then
ko
I'(o,b; p,c)(4 —F k,b; —
(i (8,65 p,0)(A) = (ST (b =2, )( =) W)
2. APOCHHAMMER SYMBOL OF ULTRA GAMMA FUNCTION
The Pochhammer symbol of Ultra Gamma function 5”°‘(X)ﬁ’b is defined by us as,
I, a;é’(':))(“”)- (xeC\6Z7;5,p,abeR" —{0})
23 (x)et = (Re(x—pn) >0,neN), (13)
7%1" _1
I W:eb(x)n; (6=a=1,p=0;neN)
Theorem 1: Let, m,ne N, , &, p,b,c € R" —{0}. Then
M =), PA+n)E. (14)
Proof: From definition (13),
557y F(5,b;p,c)(1+n+m) _ r'@,b;p,c)(A+n+m) T'(A1+n)
e r'(A) I'(A) T(A+n) '
and using (5), we have
P =A), TA+N)RE
Corollary 1: Let, AeC\&Z™, &,p,b,ce R"—{0} and T € N. Then,
P = Ay (A+n), TP(A+man)c, (15)
S,b p.C - (_1)m(ﬂ)n ] _ p.C
(D = (1_—2‘_n)m (A+n-—m)P=. (16)
PR =T (D (5D, T2my a

© 2018, www.IJARIIT.com All Rights Reserved Page | 1048



file:///C:/omak/Downloads/www.IJARIIT.com

Anita et al.; International Journal of Advance Research, Ideas and Innovations in Technology

A A+1 A+T-1

P =TT e Cdn () AT (18)
P(A+n)rs = (A+n), *(A+2n)’° = % *P(A+2n)r°. (19)
PA+mys = —(’1)”((;; W (A +m+n)re, (20)

5,b k = (ﬂ)kn+km S5,b k k P,
(/1+ m)kn+| (ﬂ«) (/1+ m+ n)l ' (21)

km

PA-ns = D (-4, A (22)

- (1_ ﬂ“)m (i)n 5, C
A-mys = Aion). P2 +n—m)re. 23)
5b(ﬁ' km)kn+| = (_1)km (l)kn—km (1_A)km &b(ﬁ'_'_km_'_kn)lpyc' (24)
Baemys = %% Bn)e, 25)
5b(ﬂ m)” P m+| — (_1()1 (i)n(:)_/l)m J,b(/l_'_n_zm);o,c. (26)

A7 Wom

A = (FD"(A-n+1),  T(=A+n)e. @7)

Some Recurrence formulas of Pochhammer symbol of Ultra Gamma Function
If AeC\oz™; 0,p,b,ceR"—{0},Re(1—pn)>0,neN and g € N , then Using ([14] Theorem 3.1) we get,
I'(0,b;—p,c)(A+mo)

i ()P = k. _ 28
(l) ( mo 1—‘(/1) ( )
A
S A
bT(5) A-r6-6 1 b
5,b A -pC = o E —fo— i p
(A s PYORE o[(—p )r:1,2,...§ C( 5) I (29)
If AeC\dz™; 8,p,b,ceR” —{O},Re(/I—pn) >0,and ne N, then
(ii) A A = m(grwbp,c)(/ﬁf?) 2r(s,b; p.c) (2~ p)). (30)
If AeC\dz™; 6,k, p,b,ce R"—{0}, Re(1— pn)>0 and ne N, then
kp
Sb ) piC — " k b (31)
) (Y= 1o GBS 00,

3. EXTENSION AND GENERALIZATION OF THE HYPERGEOMETRIC FUNCTION

In terms of Ultra Gamma function, an extension of the generalized hypergeometric function . F, of r numerator parameters

a,,...,a, ands denominator parameters dl, . dS can now be given as follows:

W ()M, (8,)2 2, ., dﬂ@fﬁ;—i%wmﬁﬁﬁmmm.mr@Wrz

R z a.h 9 g fs 5,95 _l
ahd )9 2% (d,)72% %' (d )" % n=0 (d)a ™. (d), n:
provided that the series on the right hand side converges,
a, €C, o,,b,,c,,p,,a f,,0,,n, € R"—{0}wherer =1,2,...,r andd, e C\Z,wheres=1,2,...,5,Z; =0,-1,-2,...

s? 's?

(32)

In particular, the corresponding extensions of the confluent hypergeometric function | F, and the Gauss hypergeometric function
, F, are given by
o 9P o yAG on
5. C, .5y L7 — (a,) z
1|:1[1bl(ai)P1"‘1’2 2(a2)Pz 2,2]_2 ) ~

e, (33)
SR
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and,
o Opby pLe  Gpiby |
, , , , , , a z
R @) @) 270 @) = S -
n=0 3/n -

respectively.
Ifweput &= a;, 6, = d;, by =b;, pp=p,, ¢, =C,and 5, = b, =1, p, = Othen,

1
< (a,). 2" s -
,F. [‘51 bl(ai)pl G 5bp (a, )22 200 (al)Pl <. Z]=e © z( 2)n —e @ (1-2) % (35)
Theorem 2: The integral representation is given by,
o (al)"l&,"zvbz (az)/’zcz 7”',‘5r’br (ar)pr'cr; Ao
F 7=t [1rte n 4
T ()
a.h (d )’71v91,“2v‘2 (d )772'92,___,as’fs (d.)’s%:

1 2 s (36)

L) (az)PzCz ’_“,5rvbr (a )pr'cr :
F zt |dt.
a.f (dl)ﬂlvgl"ZZ’fZ (d,)2% L (d.)’s%:
Proof: Using definition (13) and (1), we immedeted get desired result (36).

Theorem 3: The integral representation is given by,

oy (ai)/)l&,("zvbz (az)/)zvcz ’_“7§r'br (a )pr'cr- %1 o . ”'b{ilm |
rps L[ @ S5 0w ® e
Wh(d)r %22 (d,)2%,.,5 (d) % T(a)s(f)n -1)'(f) @ m (c")
(37)
F(Z(a1)+n (pl)m) r( )"z bz( )PZ G ”“Fr'br (ar)ﬁr'cr al pm a
(6,) £ q )4
a1 d 77|+n d 2d +n 77 ot y ot iy n'X t (1 t) dt
red) BE—2—, 1) D(———1)272(d,)2% .57 (d,)™

0{1 al
Proof: By using definition of ultra gamma function and hypergeometric function

Spby o \PLEL oDy P2:%2 orbr Prée
19 (5 )4 (a,) . (a) - a‘l,bl((,ji)pl,cl 52’b2(a )pz,cz N Sy by (a, )pr r

r's ay, f 77,9 a,,f 75,9 g9 |
SRCAERCICALE I CRE I B “55“955“

(@+n) 2%2(@)7? @)

(d;+n) “22(d,);2" m%%wg?%m

I'(d,) F‘Sl'bl;pl'cl

nz;'l“(ai)

r ..
“1vf1"71v91

(a)+n-(p)m

w (61) _ S5 o o
Z( 1) (bl) ((a1)+n (pl)m) 2’2(a2)n2 2. 22 r(a) rCr

—mx imw m!(cl) 51 (51) _n
B I'(a,) n=0 ! n!
( 1) (f) “ dl+n—771| az,fz 75,9 a.,f 17e.9
T d 292 L8 d s'¥s
; Il(gl ( al ) ( 2)n ( s)n
a n-pm r (a1)+n_(p1)m) 52»b2(a2)/72:c2 . Sp by (a )Pr r
L) T@n $os (U'0) M) (6) z
h=om=01=0 ol d+n-nly a5 72:92 ag fs ng9s Nl
F(al)él(fl)“l mt(e)(-1)'(f,) “ (= ) (d,)’ s (d,)!

(24
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ay n— plm
_ ()" T, ) $ (1)"(B) * (g
1_‘(611)51(1:1) ! m! (Cl )(_1) (fl) !
(@)+n-(p)m & 28, — pm+n d, 2d, —ml +n
MERE 2 T TR rey 1R B (g ) Ot (g Yt P
(d +21 771) r( 1) r(2d1 7:1I+n) F(ﬁ) r(2a1 /;jm+n) az,fz(dz)ZZ,gz ”.as,fs (ds)zs,gs n!
ﬁ n— plm
_ BT < (=D)"() * 1¥g,)
= 1 12::2;”2(; = 7«
F(ai)él(fl)“l (—1) (f) 4 ml c")
a-pm+n a, . 2(a)+n-(p)m 9203 (2 YP2:%2 O br Pr S
B( 5, 5) ( @) ) ( ) (a,), L (), o
(IR By rPR r(?) whg et @
1 1
f n—pm
_ (b)) (D"(b) ™ 1Mgy)
I'(a,)d, ()™ TR T m (@)
&AM 3
J'Olt q (1- t)sldt F(Z(a1)+(g)(p1)m) T( 1)02 bz(a )72 S O r(a )Pr r .
[‘(ﬁ) B(d 771|+n dl) F(Zd +n- 771 )“2vf2(d2)’;2v92 s's(dS)stgs ﬁ
51 1 l 1
n— {Jlm
(bl) r(d, )al (D"(b) ™ IMg)'
I'(a)o () ( 1) (f) tmbo(c)
rEEE 2 1>52 2 (a,)022 . (8, ) W wa
a. |( : d 2d e AR
() BEEER XL T
1 o, @
Hence Proved.
Theorem 4: The following derivative formula holds true:
51'b1(a1)/"1'°1’52'b2 (a )Pz’czi.” r r( )Pr r
dm { F ? }_ (ai)ml(a )m’ ° ’(a‘r)m
dz al,fl(dl)ql,gl,az,fz (dz)fyz,gz"n,as,fS (ds)ns'gs; (bl)my(b )m’ . 1(bs)m
. (38)
51vb1(a1+m)P1v°1,52'b2 (@, +m)22 ., Or by (a, +m)"r
F, z |.for (me N,).
al‘fl(d1+m)'71’gl,“2‘f2 (d, +m)™=°% . as:fs (d, +m)"s%s;
Page | 1051
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Proof: This result is obviously valid in the trivial case when m=0.For m =1, by using the series representation (32) of  F;,

d & 51’b1(a1)§1v°1 52’b2(a2)/’2'cz_“ Sr’br(ar)pr'cr 7'

e n n
o, f .9 Qs f
dz g™ 1(d1)n1 1%

()t )

w O , Jy.b K J.b C — w O , 0y.b K d.b C
_ 1b1(al)§1°1 2 2(a2);’2 2 % r(ar):])r roog :Z 1b1(a1)g’11°1 2 2(a2):1’312_._ i r(ar)ﬁilr 7" |
— “1'f1(d1)'71'91 “2’f2(d2)’72’92 “s'fs(ds)’nls'gs (-1 = “1‘f1(d1)771'gl “2'f2(d2)’72'92 as‘fs(d )’s% (n)!

n n n+l n+l s/n+l

which, in view of (14) yeilds
opby (ai)Pl'Cl’ 52'b2(a2)P2'°2 o by (a, )Pr e
4ir )

dz afy M9 ap.fp 12:92 ag. fs 5,95 .
(d)™*™, 272 (d,) 272, e (dg) e

EE (ai +1)/31,C]_ ,62’b2 (3.2 +1)p2.02 .. _’5r'br (ar +1)Pr,cr :
z
.y (d, +1)771'91’a21f2 (d, +]_)772'92,”.’“5’fs «d. +1),7$’gs;

_@)@). (a)
(b)(b,)-.. (b)) "

The general result (38) can now be easily derived by using the principle of mathematical inductionon me N, .

We state the following results without proof. Each of these result would follow readily from the corresponding known result
involving the generalized hypergeometric functions, which are asserted by Theorems 2.

Corollary 2: Each of the following integral representations holds true:

5 PR o . 1 (o tT A 5,
1|:1[ 1b1(a1) 1°1’ 20 (az) 2%2: 7] :Tai)-[otal 1eXp(_E_C_l)°F1[—’52b2 (@) 2tdt.  (39)

and

R <a1>"1’°1 2% (8,)72 %% (3,)%%; 7] )

1 a11 t 5,0 D0 \Co_Sab ParC
- L Petep(- UL R ) (o)
I'(a)- b ¢ " i %

Provided that the integrals involved are convergent.

Theorem 5: Each of the following integral representations holds true:

F[s.b(a)p.c-ﬁ+1-_z]:M( zK) Zk_ft 2 t: tcp.J (2(ztk) ydt. @)
171 ’ k ’ l—‘(a)
and,
u . 0P
F[&b(a)pc l;Ll+1 ] I ( g’l+k) )ZkJ.t 2k 1e b c J (Z(Ztk) )dt (42)

Proof: The Hypergeometric function | F, is given as,

obgyee- M S@n ()

9 P
ta+n 1e b ¢ __n
kLt 2,
F(a h=0 (ﬂ+1) n!
k n

Ms
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u+k B A
r u 9 P £ oo neory 2k

_ =) P e RS (D)"(z) *

l'a 0 nZOI"(’u_HT(_'_nk)n!
S5 —p n+£L
LK) et o g wes (CD)"(atk)
el LN G nZ::;Fk(y+k+nk)n|

0 P

R @) ) = e kB [ e, @)t

Hence Proved.

SPECIAL CASES
Case I: If we put k=1 in equation (38) and (39) respectively, then we get known result of ([11] remark 2 equation 27, page humber
488).

Vv, 0P 1
R0 (a) v +1-2] = r(rv( ;)1) ze[tT et @)t 43)
and
Vo P 1
1F1[5'b(a)p’°;—v+1;—z] = %ZZJ‘:} 2 1e b ¢ J_V(Z(Zt)z)dt. (44)

This is new result.

4. FAMILIES OF GENERALIZED HYPERGEOMETRIC GENERATING FUNCTIONS
In order to derive several families of generaized hypergeometric generating functions, we find it to be convenient to abbreviate by

A(n, A) the following array of T parameters: % %, ey % (1 €C;T eN), the array A(T; A) being assumed to

be empty whenT = 0.

Theorem 6: The following generating function holds true:

AT A+ n)’51vb1 (al)Pl’Cl’52'b2 (aZ)Pz'Cz’“. rPr (a,)"°;

r+T Z
W), (), ()
(45)
A(T; ) ()™, 2"2(a,)%,. .., T(a )"
=@-1t) "=, F ﬁ
ot (dl)’71*91, azvfz(dz)”z’gz’_“’ as’fs(ds)77s’gs;
(t|<1;4eC;T eN),
Proof: The derivation of the generating function (45) is based upon the definition (32) and the following elementary identity:
i%z” =(1-2)" (z|<1;4€C). (46)
n=0 .

The details involved are being omitted here.

Remark 3: Whenever any of the numerator parameters a,,a,,...,8, is a nonpositive integer the series in the definition (29)

1
would terminate and define a generalized hypergeometric polynomial. Theorem 7 below provides a general family of generating
functions for such classes of hypergeometric polynomials.
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Theorem 7: Each of the following generating functions holds true:

= (1) A(T;—n), @)Y, 2%2(a,)7,.., T(a,)
Z 'n Xr+T I:S Z tn
-0 N:
n=0 al,fl(dl)ﬂlygl’ az,fz(dz)ﬂQOZ,.."aS,fS (ds)ﬂs‘gs;
A(T;A) Sl‘bl(al)pl‘c_l_’ 52'b2(a2)p2'(:2,.”’5r'br (a,)rr; (47)
—t
=@A-t)* ,F T
( ) r+T ° s (1—t)T

o, fy (dl)”l’gl, ay. Ty (dz)ﬂz'gz . ’as’fs (ds)"s'gs .
(t|<1;4eC;T eN).

2 (A) A(T;=n), A(T; A+0), M (3)™ 7, 2%2(a,)?2,.., " (a,)";
D %o F z |t

- n!
n=0 . f (dl)’h'gl az'fz(dz)ﬂz'gz ag. fy (d )’73'95-
1 LR | S 1
_A(ZT P A), T (), 2P2(a,) 22,0 () ;_ (48)
-4t
=(1-—t)"*x F z(————)"
( ) r+2T s ((1_t)2)

_al’fl (dl)nl’gl, “2'f2(d2)'72-92’“”0‘s'fs (ds)"s'gs; |

(tl<1;4eC;T eN),
and,

= (A AT;=n), 7 ()7, (2,) 22,0 (a,)
Z( )n x I:5+T Z tn
A(T;1—A— n)’al’fl (dl)nl’gl,aZ’fZ (dz)ﬂz'gz s (ds)ns’gs;

‘51'b1(a1)f’1'°1, 52vb2(a2)f’2'°2““ rPr (a, )rer (49)

=(1-t)* F zt’ |,

r-s
o (dl)”l'gl’ ap:f (dz)ﬂzvgz N “10‘5’fs (ds)”s'gs :

(t|<1;4eC;T eN).

Proof: The proof of Theorem 7 is much akin to that of Theorem 6.
Finally, we choose to state the simplest consequences of the generating functions (45) and (47) when T=1 as Corollary 6 below.

Corollary 6: Each of the following generating functions holds true:
S, Yo 55 ,b. P£5,C S..,b Py Cr .
/’t_|_n’1bl(a1)1cl, 2%2(@,)2% ... (a,)r "

S 0., 2 en

r+1 s
n=0 o, f 7.9 a,, f 75,9 a, f 7e:0¢ .
11(d1)1 1’ 2 2(d2)2 2’...’5 S(dS)S S’
A, (ai)/"l’c_l_"sZ’bZ (a,)’2°, .. L,orbr (a,)’r°r; (50)
Z
=@1-t)" F
( ) r—+1 s 1—t
. f (dl)’h'gl’ az*fz(dz)ﬂzvgz ,___’“svfs (ds)ns’gs;
(t|<1;1€C).
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and
B —n,t" (a,) ™, 5202 (a,)2,.. Lo (a, ) °r;
Z(/’L)n < F Z |t"
1 S
=0 n! " o4 7
n o,y (dl)ﬂlygl’ Otz,bz(dz)’?zygz . s Ts (ds) 75'95;
o1y £1:G 505 P2:C2 O by PrCyr . (51)
A (&), (a;) (a) ;
—zt
=A-t)y"*x, F
( ) r+1 s 1—t
2.0 (dl)nl’gl’ az.fp (dz)’72v92 .. ”as’fs (d )’73’95;
(tl<1;4€C).
and,
—n,A+n2" (a)™*?, 52vb2(a2)P2'°2’__.’5rvbr (a, )
> A F z |t
r+2 °'s
n=0 n! a . f
1 7719 a,f 7719 a,f nvg.
11(dl)1 1’ 2 2(d2)2 2,.”,3 s(ds)s s,
(52)
A(z;/l)"gl'bl (a,)r s, 52'f2(a2)ﬁ’2'°2 _____ Sr by (a,)’r°r;
—4zt
=(@1—-t)* F —
( ) ><r+2 s (1_t)2
o1, f (dl)771'91 , 3.1 (dz)’72’92 . ’as’fs (ds)”s'gs :
(tl<1;4€C).
and,
} _n’51'th (al)pl’cl’ 52'b2(a2)P2'°2 . .’5r'br (ar)pr'cr ;
Z A1), < F Z t"
1 r+1 ° s+l
n=o IV o.by M9 apb 2:92 g fs 7595 .
1-4-n, (d)™*™, ()72, e (dg) ™=,
(53)
510y (a,)" 520, (a,)”2"* Sy by (a )’ ;
b 1 r b
=(1-t)"x, F, zt
. f (dl)’71’91, “vaz(dz)ﬂz'gz ’“.’as’fs (ds)"s’gs;
(tl<1;4eC).
Finally, since
: z : "
Ilmum(/l)n(z)” =z" = I|m|y|%—((f)) (A, ueC;neN,),
n
A limit case of the generating function(48) when t is replaced by % and | A|— oo yields the following exponential generating
function:
B B e O CO L SR I
Z_c;r+1|:s Z m
n= i O{l,fl(dl)ﬂlvgl’ az,fz(dz)ﬂzrgz’...’ as,fs(ds)ﬁsvgs;
[ oy P1:G S5.b5 P2:Co O by Py Cr . ®4)
(@)™, (a,) (a) ;
= (e)', F, —zt
i @ty (dl)ﬂl'gl’O‘Z’fZ (d2)772'92’.”’as'fs (ds)’7s'gs;
(tl<1;4eC).
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