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ABSTRACT

In this paper, we apply the notion of a bipolar-valued fuzzy
set to algebra over a field. We introduce the concept of a
bipolar-valued L-fuzzy set of algebra and investigate some
properties. We give relations between a bipolar-valued fuzzy
algebra and bipolar-valued L-fuzzy set. We also give the
characterization of bipolar-valued fuzzy ideal and discuss
some related properties.
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1. INTRODUCTION

The concept of fuzzy sets was first introduced by Zadeh and
subsequently, several authors including zadeh have discussed
various aspects of the theory and applications of fuzzy sets. A.
Rosenfield proposed the concept of a fuzzy group in order to
establish the algebraic structure of fuzzy sets. Fuzzy fields and
fuzzy linear spaces over fuzzy fields were introduced and
studied by nanda. In this note concept of fuzzy field is
introduced and discussed. The purposes of the present note are
to introduced and discuss the concept of a bipolar-valued fuzzy
algebra over a fuzzy field. The notion of bipolar-valued fuzzy
algebra and fuzzy field is introduced, and several properties
are investigated. The concept of complete lattice on the
intersection of a family of bipolar-valued fuzzy algebra is
considered, and some properties are discussed.

2. PRELIMINARIES
2.1 Definition [6]
Let Y be an algebra over a field X and let A be a fuzzy subset
of Y. Then A is called a fuzzy algebra over a fuzzy field F of a
field X inY ifforall x,y e Yand A € X.

i) A(x+y) = min{4d(x), A(y)}

ii) A(Ax) = min{F (1), A(x)}

iii) A(xy) = min{A(x),A(y)}.
If F is an ordinary field then (ii) is replaced by A(Ax) = A(x),
forallx e Y, 1 € X.

2.2 Example

Let Xbe a field of real number (R,+,.) and y be an algebra
over a field X. Then fuzzy subset A of Y is defined by:
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0.6 if xisirrational
Ax) =<1 ifx=0

0.7 if xis rational

0.5 if Aisirrational
F(A)=4 0 ifA=0
{0.8 if Aisrational
Then A is a fuzzy algebra over a fuzzy field F in Y.

2.3 Definition [6]

Let A be a fuzzy algebra in Y. Then A is called a fuzzy left
ideal if for all x,y € Y,A(xy) = A(y), a fuzzy right ideal if
A(xy) = A(x), and a fuzzy ideal if it is both a fuzzy left and
right ideal.

2.4 Example
Let Z be the set of all integers. Define a fuzzy subset A: Z —
[0,1] by:
0.7 if xiseven
A(x) = { 1 ifx=0

0.5 ifxisodd
Then A is a fuzzy ideal

2.5 Definition [6]
A fuzzy set A in a fuzzy algebra Y is said to have the sup
property, if for any subset T in Y, there exists t, € T such that

A(ty) = supeerA(t).

2.6 Definition [7]
Let X be a field and F a fuzzy set of field X. If the following
conditions hold:
i) F(x+y)=min{F(x),F(y)},forallx,y € X
ii) F(—x) = F(x),
i) F(xy) = min{F (x), F(")},
iv) F(x™1) = F(x).
Then F is a fuzzy field of a field X.

2.7 Example
Let X be a field and let R be a set of all real numbers of a field
X. Then the fuzzy subset F of a field X is define by:

0.5 if «xisirrational
F(x) =408 if x=0

0.7 if xis rational
Then F is a fuzzy field of a field X.
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2.8 Definition [7]
Let (F,X) be a fuzzy field of the field X,Y an algebra over a
field X and A be a fuzzy set of Y. suppose the following
conditions holds

i) A(x+y) =minfA(x),A(y)},x,yEY

ii) A(Ax) = min{F(1),A(x)}, A€ Xandx €Y

i) A(xy) = min{A(x), A(y)},

iv) F(1) = A(x),x €Y
Then we call (4,Y) a fuzzy algebra over fuzzy fa ield (F, X).

2.9 Definition

Let Y be an algebra over a field X, F be a fuzzy field of X. A
and B are fuzzy subsets of Y, define ANB,A+ B,A.B,A.A,—A
respectively is the following fuzzy subset of Y, for all x €
Y, A€ X.

(ANB)(x) = A(X)AB(x),

(A+ B)(x) = Uy, +x,=x[A(x1)AB (x2)] =
Ux1=xA(x1)]/\[sz=xB(x2)]

(A.B)(x) = Uxi.xzzx[A(xl)/\B(xZ)] =
[Ux1=xA(x1)]/\[Ux2=xB(xz)]'

(4. A) (%) = Uy = [FDAA(x)] = F()A Uy, =2 A(xy),
(=A)(x) = A(—x).

2.10 Definition [4]

Let F be a fuzzy subset of a field X. If for all 1,, 1, € X.
i) F(4 — 42) = min{F(1,), F(4;)}
i) F(A,1,) = min{F(1,),F(1,)},4, # 0

Then F is called a fuzzy field of a field X.

2.11 Definition [4]
Let F be a fuzzy field of a field X and Y be an algebra over X
and A be a fuzzy subset of Y. If for all y;,y, € Y and 1 € X.
i) Ay, —y2) = min{A(y1), A(y2)}
i) A(1y1) = min{F (1), A(y,)}
i) A(y1y,) = min{A(y,), A(y2)}
Then A is called a fuzzy algebra of Y over a fuzzy field F.

3. STRUCTURES ON BIPOLAR-VALUED FUZZY
ALGEBRA
3.1 Definition
Let Y be a algebra over a field X and let D = (X, uj;, up) be a
bipolar-valued fuzzy subset of Y. Then D is called a bipolar-
valued fuzzy algebra over a fuzzy field F = (X, uf,uz) of a
field X inY ifforallx,yeYandAe X
i) wup(x+y) = min{us (), uf N} up(x +y) <

max{up (x), up (¥)}
i) up(Ax) = min{uf (1), up ()}, up (Ax) <

max{uz (1), up (x)}
i) up (xy) = min{us (x), up O}, up (xy) <

max{up (x), up (¥)}

3.2 Example
Let X be a field of real number (R, +,.) and Y be an algebra
over a field X. Then bipolar-valued fuzzy subset D =

(X, up, up) of Y is defined by
if xisirrational

0.6
phx) =41 if x=0

0.7 if xisrational

0.03 if xisirrational
up() =9 1 if  x=0

0.04 if xisrational
0.5 if Aisirrational
pi) =40 if 2=0

0.8 if Aisrational

© 2018, www.IJARIIT.com All Rights Reserved

0 if =0
0.06 if Aisrational
Then D = (X, uj, up) is a bipolar-valued fuzzy algebra over a
bipolar-valued fuzzy field F = (X, uf,uz) inY

0.04 if Ais irrational
e (A) =

3.3 Definition
Let X be a field and D = (X, uj, 1up) a bipolar-valued fuzzy
field X. If the following conditions holds
) wp(x +y) = min{uf (), us N}, up(x +y) <
max{up (x), up (¥)}
i) up(=x) = pp(x), pp (—x) < pp(x)
i) upCey) = min{us (), up N}, up (xy) <
max{up (x), up (¥)}
iv) up(x™h) = pp (o), up (™) < up (x).
Then D = (X, u}, up) a bipolar-valued fuzzy field of a field X
denoted by (D, X).

3.4 Example
Let X be a field and let R be set of all real numbers of a filed
X. Then the bipolar-valued fuzzy set D = (X, uf, up) of a field

X is define by
0.5 if x isirrational
up(x) =508 if x=0
0.7 if x is rational
0.03 if x is irrational
Uup(x) =40.05if x=0
0.08 if xisrational
Then D = (X, up, up) is a bipolar-valued fuzzy field of a field
X.

3.5 Definition

Let D = (X, up,up) be a bipolar-valued fuzzy algebra in Y.
Then D is called a bipolar-valued fuzzy left ideal if for all
x,y €Y, up(xy) =2 up(y) and up(xy) < pp(y), a bipolar-
valued fuzzy right ideal if uj (xy) = ut (%), up(xy) < up(x)
and a bipolar-valued fuzzy ideal if it is both a bipolar-valued
fuzzy left and right ideal.

3.6 Example
Let Z be the set of all integers. Define a bipolar-valued fuzzy
subset D = (X, up, up) by

0.7 if xis even
up@) =1 1if x=0

0.5 if xis odd

0.06 if xiseven
up(x) =< 1if x=0
{0.04 if xisodd
Then D = (X, u}, up) is a bipolar-valued fuzzy ideal.

3.7 Proposition

Let Y be an algebra over a field X and let D = (X, uf, up) be
a bipolar-valued fuzzy subset of Y is a bipolar-valued fuzzy
algebra in Y over a bipolar-valued fuzzy field F if and only if
forallx,y e Yand 1;,1, € X

min(uf (4), up (x)),
min(uf (A,), uj ()
2;¥) < max[max(ur (1), up (%)), max(ur (1), 1 )]
i) pp(xy) = min(ud (), us ), up (xy) <
max(up (x), up ()

) pup(Ax + A;y) = min pp(Ayx +

Proof: Assume that D = (X, uj, up) is a bipolar-valued fuzzy
algebra in Y over a bipolar-valued fuzzy field F = (X, uf, ur).
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We have to prove that:
(i) i (Aax + Azy) = min(up (A1), u3 (42)),

15 (A x + A2y) < max(up (A1), 15 (22))
(Since D is a bipolar-valued fuzzy algebra over a
bipolar-valued fuzzy field by first condition)

up(ix + Ay) =

min[min(uf (A1), uh (x)) , min(ui (22), 15 (3))),

pp(Aix + Ay) <

max[max(uz (4,), up () , max(uz (A2), up )]

(Since D = (x, up, up) is a bipolar-valued fuzzy algebra over a
bipolar-valued fuzzy field by second condition)

Since D = (x,uf,up) is a bipolar-valued fuzzy algebra (ii)
holds.

Therefore, u3, (xy) = min(up (x), up (), up (xy) <
max(up (%), up ).
Conversely, assume that given conditions are holds, we have
to prove that D = (X,up,up) is a bipolar-valued fuzzy
algebra. Let A, = 1,4, = 1 in (ii) we have:
i + 1 ) + )
i) uh(x+y) = min [ml.n (Hi( ) Hi(x)) ]
min(uf (1), 43 ()
min (uf (x), up (x)) ] ,
nf > min(pp (x), 1)) -
[mm(uE ), 1)) (G 1507)

Similarly, up(x +y) < max(,ug(x),,ug(y)).

>

min(uf (D), uh (1)),
min (7 (0), uj (x))
min[min(u} (1), uf (x)) , min(uf (), uh ()]
> min[min(uf (D), uj (), ub ()] = min(pf (2), uf ().
Therefore i (Ax) = min(uf (1), up (), up (Ax)

< max(ur (A), up (x)).

i) up(Ax) = up (Ax + 0x) = Min[

i) pp(xy) = min(uf (o), up (), up (xy) <

max(up (), up ()
Hence D = (X, u}, up) is a bipolar-valued fuzzy algebra over
a bipolar-valued fuzzy field F = (x, uf,uz) inY.

3.8 Theorem

Let Y and Z be a anlgebra over a bipolar-valued fuzzy field F
in a field X and f an algebraic homomorphism of Y into Z. Let
D be a bipolar-valued fuzzy algebra over a bipolar-valued
fuzzy field Fin Z, then the inverse image f~1(D)=

{(X, ' wH) ), f(up)(x))/x € Y} of D is a bipolar-
valued fuzzy algebra over F inY.

Proof: Forall x,y € Y and 44,4, € X,
FHup)Aix + Ay) = ﬂg(f(/hx + /12)’)) = Mg(/hf(x) +
A2f () (Since f is an algebraic homomorphism)

[min () (£ )).
= min
min (£ (2,), 15 (£ )

(Since D is a bipolar-valued fuzzy algebra over F)
> mi [min(u;(al>.f-1(us)(x)),]
= min

min(uf (A), £~ (13) (37)

Similarly, f 1 (up) (41 x + 1,y)

[max(/,t; A, f 7 up) (%),

max(ur (A2), f 7 (up) M) |

Frwd) (xy) = ub (FO) = uh (FOF )

< max
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> min[ud(f (X)), up ()] = min[f 1w ), F 1 wdH) )]
f ) Cey) = up () = up (FCOf )
< max|up(f(x)), up (f )] < max[f~*(up) (x), £ (up) ]

Hence the inverse image f~1(D) of D is a bipolar-valued
fuzzy algebra over a bipolar-valued fuzzy field F in'Y.

3.9 Definition [2]
A complete lattice is a partially ordered set in which all
subsets have both a supremum V infimum A.

3.10 Definition [2]

Let (L,<,AV) denotes a complete distributive lattice with
maximal element 1 and minimal element 0. Let X be a non-
empty set. A L-fuzzy set u of X is a function u: X — L.

3.11 Definition [2]

Let (L, <) be the lattice with an involutive order reversing
operation N:L — L. Let X be a non-empty set. An bipolar-
valued L-fuzzy set D = (X, uj, up) in X is defined as an object
of the form D = {(X, u3 (x), up(x))/x € X}, where uj:X —
L and up:X — L define the degree of membership and the
degree of non-membership for every x € X satisfying uj (x) <

N(up ().

3.12 Definition

Let A = {(X, uf(x), uz(x))/x € X} and

B = {(X, u} (x), u5 (x))/x € X} be two bipolar-valued L-fuzzy
sets of X. Then we define

i) Ac Bifandonlyifforall x € X,u}(x) = uj(x) and

Ha(x) < pp(x)

ii) A= Bifandonlyifforall x € X, u}(x) = uf (x) and
pa(x) < pp(x)

i) AUB = {(x, (ui Uu) (x), (uzNuz)(x))/x € X} where
pAUpE = pi v pug, ua N = pg A g

iv) ANB = {(x, (uf Nud) (), (ua Upp) () /x € X}.

3.13 Theorem

Let Y be an algebra over a field X and L be a complete lattice.
Let any mapping D:Y — L is a bipolar-valued L-fuzzy set of
Y, then the intersection of a family of bipolar-valued fuzzy
algebra is a bipolar-valued fuzzy algebra over a bipolar-
valued fuzzy field F in Y.

Proof: Let {D;};ex is an family of bipolar-valued fuzzy algebra
in Y over a bipolar-valued fuzzy field F in X, let L be a
complete lattice and let Uiea Di =

{(x, /\,ugi(x),V,ugi(x))/x € X} then for all x,y € Yand
Al’ /’{2 € X
1p,(Aix + A,¥) = infieap,(A1x + A7) =

| min (,u;f (A1), 1, (x)) ,
min
min (/J;: (1), Mgi(Y))
~ |min (,u;f 1), inﬁeA#gi(x)) ,
= min
min (,u;f ), iTlﬁ-eAHBi(y))
> min[min(u}' A, up (x)) , min(u;f (), up (y))]
max(ur (4,), up (x)) ']
max(ur (A2), up ) |
b (xy) = infieaup, (xy)infiea min (“Bi(x)' Hb, (y))
> min (infieAllBi(X), infieAHBi(y))
> min(up (), 15 ()

iNfien

Similarly, up, (A1x + ;) < max[
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Similarly, up (xy) < max(up (x), up ).
Hence D = (X, uj, 1) is a bipolar-valued fuzzy algebra over
a bipolar-valued fuzzy field F = (X, uf, uz).

3.14 Definition [5]
Let R be a ring and u be a fuzzy subset in R. Then u is called a
fuzzy ring of R if for every x,y € R the following conditions
are satisfied
il +y) 2 mim(u), u(»))
i p(=x) = ux),
i, p(xy) = min(uCx), u()).

3.15 Definition [5]
Let R be aring and u be a fuzzy subset in R. Then, u is called
fuzzy ideal over a fuzzy ring R for every x,y € R the following
conditions are satisfied
i u(x+y) = min(u(x), u()),
il p(=x) = u),
i, p(xy) = max(u(x), u(y)).

3.16 Definition
Let R be aring and D = (X, uf, up) be a bipolar-valued fuzzy
subset of R. Then, D is called a bipolar-valued fuzzy ring of R
if for every x,y € R the following conditions are satisfied
i pp(e+y) = min(up (), ub ), up(x +y) <
max(pp (%), 15 (7)),
i pp(=x) = pup(x), up (—=x) < pp(x),
i, (cy) = min(up (0, 15 1)), 15 (xy) <
max(up (x), up (1)

3.17 Definition
A bipolar-valued fuzzy set D = (X, u}, up) in X is called a
bipolar-valued fuzzy ideal of X, if it satisfies

1) up(0) = pp(x) and up(0) < pp (%),

2) b () = min(uf(x * ), up (),

3) wup(x) < max(up(x *y),up(»)), forall x,y € X.

3.18 Example
Let X = {0,1,2,3,4} be a d-algebra and let D = (X, uj, up) is
the bipolar-valued fuzzy set of X defined by
1 if x=0,2
+ —_ )
Hp(x) = {0.4 if x=124
oL _(-lif x=02
Hp(x) = {—0.3 if x=134
Then D = (X, u}, up) is a bipolar-valued fuzzy ideal of X.

3.19 Theorem

Let X be a d-algebra and let L be a complete lattice. Let any
mapping D: X — L is a bipolar-valued L-fuzzy set on X, then
the intersection of family of bipolar-valued fuzzy ideal is also
bipolar-valued fuzzy ideal

Proof: Let {D;};¢; be a family of bipolar-valued fuzzy ideal of
X, Let L be a complete lattice then the bipolar-valued L-fuzzy
set D in X is characterized by D from X to L and let D =
N;ie; D; then forall x,y € X

pp (x * x) = infie up, (x * x)
u5(0) = infie; minfup, (x), up, (x)}
> min{infieup, (), up, ()}
= min{uj (x), up ()}
p5(0) = pp (x) and pp (0) < pp(x).

15 (%) = infiqup,(x) = infie {fmin(up, (e * y), u, ()}
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infiel/-‘Bi
(x * Y); infiEInu'gi (y)
> min(ug (x * y), up ()

= min

pp (x) = supieup,(x)
< sup;e; max{pp, (x * ), up, ()}
< max[supe uip, (x * ), sup;ep, ()]

< max(up (x * y), 45 ()
Hence D = (x, uf, up) be a bipolar-valued fuzzy ideal in X.

3.20 Proposition
Let D = (X, uf, up) be a bipolar-valued fuzzy ideal of X. If the
inequality x*y <z holds in X, then up(x)=

min(up (), uph (2)) , up (x) < max(up ), up (2)).

Proof: Let x,y,z € X be such that x * y < z, then (x *y) *
z = 0and so
up (x) = min(ug (x * y), ui ()

> min[min{uf(Cx * y) * z), up (D}, 15 3]

= min[min{u} (0), up (2)}, up ()]

= min(up (), up (2)),

pup (x) < max(up e * ), up (1))
< max[max{u (Cx * ) * 2), 15 ()}, 15 )]
< max[max{up (0), up(2)}, up ()]
= max(up ), 15 (2)).

3.21 Proposition
Let D = (X, uj, up) be a bipolar-valued fuzzy ideal of X. If the
inequality x <y holds in X, then wu}(x)=up(y) and
Hp (x) < pup ().

Proof: Let x,y € X, be such that x < y. Then
w3 (x) = min(pg Ce * ), up ()
= min(u3(0), up () = up ()

Therefore ut (x) = ui ().
pp (x) < max(up (x * y), up () = max(up(0), up ()

= pup ().
Therefore up (x) < up (y).

3.22 Proposition
Let X be a field and F = (X, u}, up) a bipolar-valued fuzzy set
of X. If (F,X) is a bipolar-valued fuzzy field of a field X, then
i up(0) = pi (x), 47 (0) < prp(x),x € X,
i uE () = pf 0, up (1) < pp(x), (x # 0) €X,
i, (0) = i (D), up (0) < pp (D).
Proof: Let (F, X) is a bipolar-valued fuzzy field of X, then
i. Forallx € X, up(0) = pf(x + (—x)) = min(pf (x), uf (—x))
> min(uf (x), uf (x)) = p# (x) (Since F is a bipolar-
valued fuzzy field)

Similarly 7 (0) = pr (x + (=x)) < max(pr (x), up (—x)) <
max(py (1), 1 (x)) = uy (x)

Therefore uf (0) > p# (x), up (0) < pr (x).
ii. Forallx #0 € X, uf (1) = pf (xx™1) = min(pf (x), uf (x~1)

> min(uf (), uf (x)) = pf (x)

Similarly, uz (1) < pr(ex™t) < max(pr (), up (x™1)
< max(ur (x), up (%)) = pr (x)
Therefore pf (1) = p# (x), pur (1) < pg ().
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iii.Let x =1 in pf(0) = uf(x) we have ui(0) = uf(1)
and pz (0) < ugp (1).
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