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Abstract: In this article we define different type of statistically convergent, statistically null and statistically bounded double
sequence spaces on a semi-normed space by Orlicz functions. We study their different properties like solidness, denseness,
symmetricity, completeness etc. We obtain some inclusion relations.
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An Orlicz function M is said to satisfy Ao —condition if there exists a constant K > 0 such that M (2u) < KM(u) for all
values of u=0.

1. INTRODUCTION
The notion of statistical convergence was introduced by Fast [7] and Schoenberg [17] independently. It is also found in
Zygmund [21]. Later on it was studied by Fridy and Orhan [8], Maddox [10], Salat [16], Rath and Tripathy [15], Tripathy [19, 20]
and many others.
Throughout the article Xg denotes the characteristic function of E. The notion of statistical convergence depends on the
density of subsets of N. A subset E of N is said to have density | I(E) if

S - lim 2 EXe(K) exists
k=1

n—oo N
A sequence (xn) is said to be statistically convergent to L if for every [ 71> 0
({kI N:|xe!| L|=1 11113 =0,

Throught a double sequence will be denoted by A = <an> i.e. a double infinite array of elements an, for all n,k TN, The
notion of statistical convergence for double sequences was introduced by Tripathy [20]. For this he introduced the notion of density
of subsets of N X CN as follows:

A subset E of N X N is said to have density | |(E) if

JE)= lim 1 > X Xg(nKk) exists.
p.g—> PY n<p k<q
Throughout (X, q) will represent, a semi-normed space seminormed by q.
An Orlicz function M is a mapping M : [0, 00) — [0, 00) such that, it is continuous, non-decreasing and convex
with M(0) — 0, M(x) > 0, for x > 0 and M(X) — 00, as X —> 0.

2. Definitions and Preliminaries

A double sequence A = <an> is said to converge in Pringshcim’s to L if

lim  aw =L, where nand k tend to 00, independent of each other.
n,k—oo

A double sequence <anc> is said to converge regularly if it converges in Pringsheim’s sense and in addition the following
limits exist.
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lim aw=Le«(k=1,23,..)
nN—o
and
lim aw=Jk(k=1,23,..)
k—o0

Throughout the article w2(q), 630 (a), c? (@), C% @ r c? @, r C(Z) (9) will denote the spaces of all, bounded, convergent

in Pringsheim’s sence, null in Pringsheim’s sense, regularly convergent, regularly null X-valued double sequence spaces
respectively.

An X-valued double sequence <an> is said to be statistically convergent to L if for every > 0, C({(n, k)€ N X N : q(an
-L) =20} =0.

An X-valued double sequence A is said to be statistically regularly convergent if it converges in Pringsheim’s sense and
the following statistical limits exist.

stat—lim a, = Ly (k=1,2,3,..)

N—00
and
stat—limap =J, n=1,23,..)
k—o
An X-valued double sequence A is said to be statistically bounded if there exists G > 0 such that [1({(n, k) : q(an) > G}) =
0.

For M an Orlicz function, we now introduce the following double sequence spaces :

KEO(M, a, )= {(ank, Jr) EWA(q) : SUp M(q }Vnk#j< oo, for some r > 0},
n,k

c2 (M,q,L)={( an) € W3(q): Stat — lim M[q(mjj =0, for some r>0 and L € x}
n,k—oo r

C(Z) M, q, 0) = {(an) €W?(q) : Stat—lim M(q(wn =0, for some r > 0}.
n,kK—o0 r

A sequence <an> € r C2 (M, g, 0) if <an> € 02 (M, g, J) and the following statistical limits exist

stat—lim M q(mj —0,forn=1,2,3, ... ()
k—o0 I

stat—lim M| g Mnk@nk ~ i —0,fork=1,2,3, ... 2
n—oo §)

A sequence <ane> € (rC3) R C3 (M. q, 1), if <an>€ C& (M, q. | ) and (1) and (2) hold with Lo = J = | 1, the zero element

of X, forall nk €N.
A double sequence space E is said to be solid if <[ nan> € E whenever <an> € E for all sequences <[> of scalars
with | o <1 for all n,k € N.

A double sequence space E is said to be symmetric if <a> € E implies <an(n)n(k)> € E, where [ is a permutations on

A double sequence space E is said to be sequence algebra if <anbn> € E, whenever <an>, <bn> € E.
A double sequence space E is said to be monotone if it contains the canonical preimages of all its step spaces.
A double sequence space E is said to be convergence free if <bn> € E, whenever <an> € E and an = [ implies bnk = [,

Remark 1 : A sequence space E is said implies E is monotone.

The zero single sequence will be denoted by 0= (1T I AN ...y and the zero duble sequence will be denoted
0 0... 0

by |6 O ... 0 |. Throughoute =(1,1,1, ....)and ex=(0,0, ....., 1,0, 0, .....), where the only 1 appear at the place

Throughout the article T2 (M, q, J), 4 (M, q, 1), (C2)2(M, q, L), (TE)B(M, q, 1), (C2)R(M, q, L), (

Eg RM, q, 1), (62 )BR(M, q, ), (58 )BR(M, q, ") denote the spaces of statistically convergent in Pringsheim sense, statistical
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null in Pringsheim’s sense, bounded statistically convergent in Pringsheim sense, bounded statistically null, bounded regularly
convergent, bounded regularly null X-valued double sequences defined by Orlicz function respectively.

3. Main Results
The proof of the following result is a routine verification in view of the existing technique.

Theorem 1. The classes Z(M, g, ), where Z= T2, Ta, (C2)8, (T8 ), (C2)R, (CB )R, (T2)BR, (T4 )PR and 72, are

linear spaces.

Theorem 2. The spaces Z(M, g, A.), where Z = (62 )8, (65 )8, (62 )BR, (65 )BR and ?30 are seminormed spaces,
seminormed by
Anka
f(<an>) = inf {p >0:sup M[q(MJJ < 1} :
n,k P

Proof. Since g is a seminorm, so we have f(A) =0 for all A: f(@z) =0 and f(TTA) = |[|f(A) for all scalar 7.
Let <ank > and <bp> (62 )B(m, g, A). There exist py, pp > 0 such that

supM| q ik <1
n,k P1

and
supM| g Pobrk || < 1
n,k P2

Let C = 1 + 2. The we have,

SupM[q[xnkank +7»nkbnkD < [Plj supM[q[mD ! [ P2 ]SUpM[q[k“kbnkB
nk p P1tP2) nk P1 PtP2) nk P2

Since | 1, | 2> 0, so we have

f(<an> + <bme>) = inf {p =p1+pp >0:sup M(q(knkank + % kP B < l}
n,k p

= inf p1>0;3upM(q£MJng T 7inf pg>OZSupM(q(}\'nkbnk]]31
n,k P1 n,k P2

= f(<an> + <bn>).

Hence f is a seminorm.

Theorem 3. Let (X, q, 1) be a complete semi normed space. Then the spaces Z(M, q, [ ), where Z = (EZ )B, (Eg )B, (62

)BR, (Co )BR, and ZSO are complete semi-normed spaces semi normed by f.

Proof. We prove the theorem for space (62 )8 (M, g, 1) and the proof for the other cases can be established following

similar technique. Let Al = (k'nka'nk) be a Cauchy sequence in (62 )B (M, q, C). We have to show the following:
(i) Mokahk = Ank@nk . asi—> o, for each (n, k) € Nx N
(i) ai—a, asi —> oo, where stat-lim a:wk = aj, for each i€ N.
(iii) Ank@nk Stata (relative to M).
_)

X
Let C > 0 be given. For a fixed xo > 0, choose r > 0 such that M [TOJ 21 and Mo € N be such that
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. . c
f <x ab, —Apeal >) 1 —— , forall i, j > mo.
( nk4nk nk%nk Xg

By the definition of f we have,

Argedbr — A aj
M| g| ZnkEnk —FnkTnk |1 oq < M[rx?oj for all i, j > mo.
f((ehe k)
i i X & €
= gl ahy —Aqeal <—0.—:—,forall i, j=mo. .3
q( nk@nk — Ank nk) 3 g 3 J=mo (3)

Hence <7bnka|nk> is a Cauchy sequence in X for all (n, k) € N X N. Since X is complete, so there exists a € X, such

thata'nk—>ank,asi—> o, for each (n, K) ENXN.
(if) We have stat-lim alnk = g; for each i € N. Thus there exists a subset EiC N X N such that C(E;) =1, foreachie
N and for a givrn 1 > 0,
i
dpk —aj
r

€
Mi q <M (3—) , for all (n, k) € E;, for each i € N and some r > 0.
r

i 3
= (a:]k — ai) < g , for all (n, k) €E;, for each i € N and by continuity of M. ....(4)
Leti, j>moand (n, k) € Ei[) E;. Then we have
qGai | a) Sq(a:]k —ai) +q(a'nk —ag]k)+q(a'nk —aj)

€
< — + —

+ — =L, by (3)and (4).

w|m

€
3
Hence <ai> is a Cauchy sequence in X, which is complete. Thus <ai> converges in X and let lim 0 @j = a.

€
(iii)For €1 >0 given, leti =moand r > 0 be so chosen that M (—j < g1 and the following hold. From (ii) we have a subset
r

E C N X N such that

w|m

q(ahk _ai) <
i €
By (i) we have q(ank —ahk) < 3 for all i = mo.

. €
By (ii) we have q(@' C a) < § , for all i =mq.

Hence for all i = myo and for all (n, k) € E with 7I(E) = 1, we have

' i . € ¢
q(an C a) SQ(ank—a'nk)+q(a'nk —ai)+q(a'jj[a)< 3 + =+ —=[.

&
3

w

=>M|q —/—— || M| — | =4, forsomer>0andall (n, k) €E with C(E)=1.
r r

=>stat-lim ank = a.
Hence <an> (52 BM,q, ).

Thus (62 )B (M, q, [) is a complete semi normed space.

Proposition 4. The spaces T3 (M, q, L), (8 )B% (M. g, L), (C3 )P (M. q, 1), (CE )R (M. q, 1), £2 (M, q, L) and 72
(M, g, I) are solid and hence are monotone.

Proof. Let <Ju> be a double sequence of scalars such that |Caw |<1, forall n,keN.
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Then the proof for T3 (M, g, 1), (C3)2% (M. q, 1), (& )® (M. @, 1), (T3)R (M, g, &), £2 (M, q, %) and

230 (M, g, A) are obvious in view of the following inequality.

M(q(%j} < M[q(%j} , forall (n, k) eK.

The rest of the proof of first part follows from Remark 1.

2

Proposition 5. The spaces Z(M, g, 1) where Z = T2, TZ,(T?)8 (TE)e,  (C2)R, (CH)R (T2 )P, (5 ), 72

are not symmetric.
The above result follows from the following examples.

Example 1. Let X = ¢, the class of convergent single sequences and M(x) = xP, p =1 and q(x) = supi|x/|, for x = (x)
€ c. Define <ay> by
g forall n=keN
ank = .
" e Otherwise

Let <bn> be a rearrangement of <an>, defined as
{s, for all k even and all ne N,
nk =

0, Otherwise
Let <bn> be a rearrangement of <an>, defined as follows
k+1 . .
bu= 1 5 g, if kis odd, andfor all ne N
nk —
0 Otherwise

Thenan > € 02 (M, q, A), but <bw>& 72 (M, q, 1).
Hence, ?fo(M, g, A ) is not symmetric.

Theorem 6. Let M and M; be two Orlicz functions, then Z(M, g, A ) C Z(MoMy, g, A) forZ = c? , Cg , (Cz )B, (Cg )8,

(T2)R (TE )R, (T2)E%, (T8 )=Rand 12, (M, q, A).

Proof. We prove it for the case Z = Cg , the other cases can be proved following similar technique. Let J > 0 be given.

Since M is continuous, so there exists | >0 such that M( 1) = 1. Let (Apk@nk ) € Cg (M1, A). Then there exists a subset K

C N X N with L (K) = 1 such that
Anid
Mliq(MD <7, forall (n, k) € K.
r

I Mo Ml(q()”“k#jj <L.

Hence, (Apkank) > € 65 (MoMy, )
Thus C& (Mw g, &) T4 (MoMs, g, 1).

Theorem 7. If M and M; are two functions then
ZM, g, )N Z(M2, g, L) Z(M1+ My, q, 1)

Forz=T%, T4, (C%) (T )2 (T2 )R, (TG )™ (T)PR, (TG )=, 72,
Proof. We prove the result for 62 (M, g, A). The other cases can be established following similar technique.
Let (Angank) € €2 (M1, g, A)N T2 (Ma, @, A). Let I > 0 be given.
Then there exist subsets K and D of N X N such that [ (K)=L(K)-L(D)=1
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Ankane — L €
My g ZkEk Z =1 < 2 forall (n, k) €K, for some 11 > 0,
1 2
and
Ank@nk — L €
M| q Ank%nk = < —, forall (n, k) €D, for some r,>0.
) 2
Let r = max{r1, r2}. Then for all (n, k) (K[ D) we have

e+ ) (q(%ka_rktjj 3 Ml[q[%kar_ktjj . Mz[q[?mka:#D .
1 2

Hence (Apkank ) M1+ Mz, g, A).

This completes the proof.
The proof of the following result is a consequence of Theorem 6.

Corollary 8. Let M be an Orlicz function then we have Z(q) CZ(M, q, A.) for Z = c? , Eg , (62 )8, (Eg )8, (62 R (
T6 )R (TR, (T )R and 72

The proof of the following result is a routine work.

Theorem 9. Let M be an Orlicz function, gz, and g2 be seminorms. Then
(I) Z(M!qlr k)mZ(M,QZ, k)QZ(Mlql"'qzl 7\')

(ii) If gy is stronger than g3, then Z(M, qi, A)CZ(M, g2, A.) for Z = c?

O AC ICOAC IR
and ZEO.

The following result can be proved by using the standard technique.

Theorem 10. Let M be an Orlicz function. Then Z(M, g, A)C ZEO (M, g, L) forZ= (62 )8, (65 )B, (62 )BR, (Cg )BR

and the inclusions are strict.
The following result is a consequence of the above Theorem and Theorem 3.

Corollary 11. The spaces Z(M, q, A ) for Z = (62 )8, (Cg )8, (62 )BR, (65 )BR are a nowhere dense subset of Zfo .

Theorem 12. The spaces Z(M, g, A.) where Z= T2, TF , (C?)B, (T4 )®, (T2 )R, (TH R, (T2 )P, (T4 )PR and

Ego are not convergence free.
The above result is clear from the following example.

Example 3. Let M(x) = x?, for some 1 <p< 00, X = /., q(x) = supilx'|, for x=(xi) € /. Then the double sequence
< ank > defined as an = (K'"', k' ', k!, ....)), for all n, k € N belongs to all the spaces. Consider the sequence < by > defined as bk
=(k,k,k, .....), forall n, k € N. Then <bn> does not belong to any of these spaces. Hence none of the spaces is convergence free.

Proposition 13. The spaces Z(M, g, A ), forZ = EZ , Eg , (62 )8, (EZ )R, (62 )BR are not monotone and hence are
not solid.

Proof. The first part follows from the following example. The second part follows from Remark 1.

Example 4. Let M(X) = x, X = C and q(x) = |x]. Then the double sequence (A nank), defined by ank =1, forall n, ke N

belong to Z(M, g, &), for Z= T2, (T2 )8, (T2 )R, (T2 )R
Consider its pre-image ( A nbnk) defined as

N 0, for k even, for all ne N,
"™ 11 for k odd, for all neN.

Then (A nbnk) does not belong to any of these spaces.
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Remark 2. Let (X, ||.||) be a normed linear space. Then the spaces Z(M, ||.|]), for Z = (EZ )E, (Cg )E, (62 )BR, (CH )BR, and

zﬁo will be normed linear spaces normed by

f(Apk@nk ) = inf{C >0: SUpM H(M) < 1}.
P

n,k
Remark 3. If X is a Banach space then it is clear that the spaces Z(M, |L.[), for Z = (T2 )2, (T3 )8, (T2 )P%, (C& )°R and

Ego are Banach spaces under the norm.

o~ w0 D e
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