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Abstract: A dominating set D is called a connected dominating set, if it induces a connected sub-graph in G. Since a dominating
set must contain at least one vertex from every component of G, it follows that a connected dominating set for a graph G exists if
and only if G is connected. The minimum of cardinalities of the connected dominating sets of G is called the connected domination
number of G and is denoted by ¢(G). We have defined a new parameter called the matching dominating set and the matching
domination number.We consider Kronecker product of two graphs, matching domination of product graphs and re-call the results
associated with the matching domination of Kronecker product of graphs. We prove the following:

In G1(k)G2 then deg(ui; vj) = deg(ui):deg(v;).

If G1 and G: are finite graphs without isolated vertices then G1(K)G: is a finite graph without isolated vertices.

jVG1(K)G2 j = jVG1 jjVG2 j. JEG1(K)G2 j =
2JEG1 jjVE? |

If G1 and G2 are regular graphs, then G1(K)G: is also a regular graph. If G1 or G2 is a bipartite
graph then Gi(k)G: is a bipartite graph.

The matching domination number of ca(K)Km is 4.

If G1; G2 are two graphs without isolated vertices then m[G1(k)Gz2] = m(G1): m(G2) where Gi(k)Gz, is the Kronecker
product of graphs.

Keywords: Kronecker Product of Graphs, Domination Set, Domination Number, Connected Graphs, Odd Cycles, Degree,
Regular Graphs, Bipartite Graphs.

1 INTRODUCTION
Paul M Weichsel [11] defined the Kronecker product of graphs. He has proved a characterization for the product graphs to the
connected graphs. He also obtained, if Gi1 and Gz are connected graphs with no odd cycles, then has exactly two connected
components. E Sampathkumar [7] has proved that for a connected graph with no odd cycles G1(k)Gz = 2G The concept of domination
in graphs was first introduced by Ore[9].

2. KRONECKER PRODUCT OF GRAPHS

Definition 2.1
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If G1; G2 are two simple graphs with their vertex sets as Vi1 : fui; uz2::iiig and Vz @ fvi; veiiiiiig respectively then the Kronecker
product of these two graphs is defined to be a graph with its vertex set as VixVz, where V1xV2 is the cartesian product of the sets V1
and V2 and two vertices (ui; vj), (ux; vi) are adjacent if and only if ui; ux and vj; vi are edged in Gi and Gz, respectively. This product
graph is denoted by Gi(k)Go.

An illustration of the product graph of Gi(k)Gz is given as follows.
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Figure 2: G1(k)G2

Weichsel [11] has proved that if G1; G2 are connected graphs then G1(k)G: is connected if and only if either G1 or G2 contains an odd
cycle. It was further proved that if Gi; Gz are connected graphs with no odd cycle then Gi(k)Gz is a disconnected graph.
Sampathkumar [32] has proved that, If G is connected graph with no odd cycles then G(k)K2 = 2G.

Theorem 2.2

In Gi1(k)Gz then deg(u;; v;) = deg(ui):deg(vj).

Proof:

Suppose deg(ui) = m and deg(v;) = n.

i.e., uj is adjacent with vertices us; Uz; :::::; Um in G1 and v;j is adjacent with vertices vi; vz; :::::; vin in G2. Then in the product graph

G1(K)Gz, the vertex (ui; v;) is adjacent with following vertices.
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(u1; va) (uz; v2) t:: (UL vn)
(uz; v1) (U2; v2) ::: (U2 vn)
(Um; \'/1) (Um; sz :::I (Um; vn) l

Also any other vertex uk; vi in G1(K)G: is not adjacent with (ui; v;). If k > m or | > n. For u; is not adjacent with u if k > m and vj is not
adjacent with v, if | > n.
Hence deg(ui; v;) = deg(ui):deg(v;)

Theorem 2.3
If G1 and G2 are finite graphs without isolated vertices then G1(K)Gz is a finite graph without isolated vertices.

Proof:

Since G: and Gz are finite graphs, if follows that G1(K)G: is also a finite graph by definition 2.1 since Gi1; G2 do not have isolated
vertices.

dege: (ui) 6= 0 for any i and so also degea (Vvj) 6= 0 for any j. Thus degcigcz (Ui; vj) 6= 0 for any i and j (by Theorem 2.3). So G1(K)G2
do not have any isolated vertices.

It can be easily seen that, the number of vertices G1(K)Gz is the product of number of vertices in G1 and Gz and the humber of edges in
G1(K)Gz2 is twice the product of the number of edges in G1 and Ga.

Theorem 2.4
(i) jVGl(k)sz :J'VG1 ijsz

) BGy(K)G2 I =4EGy IVE, |
Proof:

It follows from the definition 2.1,jVeiwe2 j = jVet jjVe2
we know that jEc1 j = e1 =22 Piva d(u))

and jEc2j=e2=1" d(vj)
Now
i \/.
1
X
EGi(K)G2172  d(ui; vy)
i
(By Theorem 2.2)
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Theorem 2.5
If G1 and Gz are regular graphs, then G1 (K) Gz is also a regular graph.

Proof:
Suppose Gz is a k1 - regular graph and Gz is a kz - regular graph then deg(us) = k1; 8u1 Viand

deg(vj) = kz8v; V2
Let (ui; v;) be any vertex in G1(k)Gz then (By Theorem 2.2)
deg(ui; vj) = deg(ui):deg(v;) = kika
Thus every vertex in G1(k)Gz: is of degree kikz i.e., G1(K)Gz: is kikz - regular.
Remark 2.6
However, it is to be noted that if G1; Gz are simple graphs then G1(k)G2 can never be a complete graph, for (u;; v;) is not adjacent with
(ui; i) for any j 6= k (By definition 2.1)

Theorem 2.7
If G1 or G2 is a bipartite graph then G(k)G: is a bipartite graph.

Proof:
Suppose Gz is bipartite graph with bipartition (X,Y) where

X = X1 X2; il Xmg
Y = fy1; yz; il yng
Let V2 = fvi; vo; v
Then in G1(k)Gz2 the vertex set is
f(xa; va) (X v2) i (Xa Vi)
(X2; v1) (X2 v2) it (X2 i)
(Xm; V1) (Xm; V2) s (Xmy V)
(Y v)  (yuva) o (ynw)

(y2;v)  (yz;v2) 0 (Y2 v)

(Ym; va) (Ym; V2) 221 (Ymi VI)Q
Now, no two vertices of the form (xi; v;) and (Xx; vi) are adjacent since x; and Xk are not adjacent. Similarly, no two vertices of
the form (y;; vj) and (yk; vi) are adjacent since vi; yi are not adjacent. Thus Gi (k) Gz is a bipartite graph with bipartition.
XG1(K)G2 " YG1(K)Gz2
Where
Xeiwez = f(xi; vj)=i=1;2; :;m; j=1;2; 255 rg
and

Yeuwez = f(yi; vi)=i=1;2;::5;nj=1; 2; 255 rg
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3. MATCHING DOMINATION NUMBER
Definition 3.1
A set SV is said to be a dominating set in a graph G if every vertex in V/S is adjacent to some vertex in S and the domination number
00 of G is defined to be the minimum cardinality of all dominating sets in G. We have introduced a new parameter called the matching
domination set of a graph.

It is defined as follows:

Definition 3.2
A dominating set of a graph G is said to be matching dominating set if the induced subgraph < D > admits a perfect matching.

The cardinality of the smallest matching dominating set is called matching domination number and is denoted by m
[llustration

s
AV

Figure 3:

In this graph {a, b, c, f, e, g } is a matching domination set, since this is a dominating set and the induced subgraph {a, b, c, e, f, g }
has perfect matching formed by the edges of, bc, eg, {a,b,e,f } is also matching dominating set. Similarly, {a,b,c,g} is a matching
dominating set where the induced subgraph of this set admits a perfect matching given by the edges be, ag.

However, there are no matching dominating sets of lower cardinality and it follows that the matching domination number of the graph
in figure 3 is 4. Thus a graph can have many matching dominating sets of minimal cardinality. We make the following observations as
an immediate consequence.

(@) Not all dominating sets are matching domination sets. For example in figure 3, {a,c,e } is a dominating set but it is not a matching
dominating set.

(b) The cardinality of matching dominating set is always even. The matching dominating set D of a graph requires the admission of a
perfect matching by the induced subgraph < D >. Thus it is necessary that D has an even number of vertices for admitting a perfect
matching.

(c) Not all dominating sets with an even number of vertices are matching dominating sets. For example in figure 3,{b,d,g,f } is a
dominating set containing an even number of vertices, but induced subgraph formed by these four vertices does not have a perfect
matching.

(d) The necessary condition for a graph G to have to match dominating set is that G is a graph without isolated vertices. The matching
domination number of the graph G (figure 3) is 4, whereas the domination number is 2 ; {a,d } being a minimal dominating set. If G is
a graph with isolated vertices then any dominating set should include these isolated vertices and consequently, the induced subgraph
of this set containing isolated vertices will not admit a perfect matching.

Theorem 3.3
The matching domination number of ca(K)Kn is 4.

Proof :
Let V (C4) = us; U2; Us; Uz and V (Km) = fvi; vz; 3335 ving

It can be easily seen that f< ui; vi >; < uz; v2; < u1; V2 >; < v2; v1 >g will be a matching dominating set. The graph cannot have a

matching dominating set of cardinality two, for if f< x; y >; < u; v >g is a matching dominating set of C4 (K)Km, it will not saturate the
vertices < X; v>; <u;y>.
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Hence the minimal matching domination number is 4 which is the same as the product of the matching domination number of C4 and
Km.

Illustrate for the above theorem

Figure 4: C4
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Figure 6: C4(K)Ks
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In general, we can prove that the matching domination number of product graph is equal to the product of matching domination
numbers of the graphs.

Theorem 3.4
If G1; G2 are two graphs without isolated vertices then m[G1(K)Gz2] = m(G1): m(G2) where G1(k)Gz, is the Kronecker product of graphs
defined in 2.1.

Proof:
Let G1 be a graph with p1 vertices and G be a graph with p2 vertices. Let D1 = fvy; vo; i
Varg

Was)g )) are pairs of adjacent vertices which constitute perfect matching in the induced subgraph <Di> and <D:z> of G:1 and Gz
respectively.

Now consider Cartesian product of D1 and D2

DixDz = f(vi; wj)=1 i 2r;1 j 2sg

Let (v; w) be any vertex of G1(K)G2. There exists a vertex (vy; Wy) DixD2 such that v is adjacent to

vy and w are adjacent to wy. Thus DixD: is a dominating set of G1(K)Ga. Deletion of any vertex in

DixD2 does not make D1xD2 a dominating set any more. For, if (vi; wj) is deleted from D1xD2 where v; is adjacent to vertices fvii; viz;
il vixg in Giand wj is adjacent to the vertices fwii; wiz; 23 wijyg in Gz, the vertices (vis; wi2); (Vit; Wiz)::::::: (Vix; Wiy) will not be
adjacent to any of the vertices of DixD2. Moreover, the minimality of DixD2 can also be deduced from the following observation.
"Suppose AxB is a matching dominating set of G1(K)G2 then A and B are matching dominating sets of Gi1 and G2 respectively".
Consequently it follows that DlXDZ is a minimal dominating set of Gl(K)GZ Further it is also a matching dominating set for the

subgraph < D1xDz >, Thus D1xDg, IS a matchlng domlnatlng set of m|n|mum cardlnallty
Hence n[G1(K)Gz2] = m(G1): m(G2):

Illustration (‘\
2 u

u, L,

Figure 7: Matching dominating set: ful; uxg
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Figure 8: matching dominating Setfvl; v2; v4; v5g
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Figure 9: G1(K)G2

matching dominating set : f< us; vi >; < u1; V2 >; < U1; Va4 >; < Up; Vs >; < Uz; V1 >; < Uz; V2 >; < Uz; Va >; < Uz; Vs >0

= fus; u2gxfva; vo; va; vsg

CONCLUSION
The study of Kronecker product graphs, the matching domination of Kronecker product graphs has been providing us sufficient
stimulation for obtaining some in-depth knowledge of the various properties of the graphs. It is hoped that encouragement provided by
this study of these product graphs will be a good straight point for further research.
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